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A Multivariable Controller for an
Electromagnetic Bearing / Shaft System
by
Peter La Rocca
Submitted in partial fulfillment of the requirements for the degree
of Masters of Science in Aeronautics and Astronautics
ABSTRACT
A Multivariable Control System is designed for an Electromagnetic Bearing and Rotating
Shaft System. The Linear Quadratic Gaussian with Loop Transfer Recovery (LQG/LTR)
methodology is used to design a robust Model Based Compensator (MBC). The
electromagnetic bearing consists of an electromagnetic actuator, operated in magnetic
"attractive" force mode, with permanent magnet biased coils. The permanent magnet bias
serves to linearize the actuator force application. The magnetic bearing operated in the
attractive mode produces unstable system poles. The rotating member consists of a
flexible shaft with an off center rotor. A simplified, scaled, infinitely stiff shaft model is
used for the control system design. However robustness testing is done with a flexible
shaft / rotor model. The thesis is concerned with the radial control of the combined system
which is represented by a 4-input, 4-output plant model. A pair of magnetic bearings, each
with orthogonal force capability, comprise the plant inputs, while shaft position within the
bearings X-Y plane comprise the four outputs. Integral action is required to meet
disturbance rejection specifications and is accomplished using state augmentation
techniques. Nonlinear simulations are performed to complete the documentation of the
design. Limitations of the compensator designed using the simplified model are discussed.
A Model Based Compensator is also designed using the full order model of the flexible
shaft. This compensator is combined with a flexible shaft model and system performance
is compared to the baseline design.
Thesis Advisor: Professor Lena Valavani
Boeing Assistant Professor of Aeronautics and Astronautics
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Chapter 1
1. Introduction and Thesis Approach
1.1 Introduction
Recent developments in high technology areas such as materials, computers and
design techniques have allowed scientists and engineers to reconsider system designs in
many well established fields. This thesis for example, deals with an alternative to standard
mechanical journal bearings in the form of an electromagnetic bearing. The stabilization of
a rotating shaft through the use of mechanical bearings has been studied extensively and,
more importantly, has been psed in countless applications for many years. More recent
history suggests that the restorative forces provided by the mechanical bearings can be
reproduced through the use of an electromagnetic bearing. While the scientific fields of
rotor dynamics and electromagnetics are themselves mature, the combination of the two has
proven a difficult and challenging system stabilization problem. This thesis combines the
use of magnetic bearings for the stabilization of a rotating shaft and rotor system with the
recent advances in the field of multivariable control system design to develop a stable,
robust closed loop system.
1.2 Background
The advantages in use of magnetic bearings to stabilize a rotating shaft / rotor
system are numerous. Magnetic bearings are virtually frictionless and, therefore, are not
subject to wear; they require no form of lubrication; they can increase the accuracy of
precision instruments; and, with the use of redundant electronics, they can be more reliable
than their mechanical counterparts. It is for these as well as other reasons that magnetic
10
bearings have been the subject of extensive research for the past few decades. Johnson
[4,5] provides an excellent narrative of the history, development and current state of the art
of electromagnetics as applied to the levitation and stabilization of rotating bodies.
The focus of the thesis is on the application of advanced multivariable control
theory to the control and stabilization of an electromagnetic bearing and rotating shaft
system. The multivariable control theory specifically applied is the Linear Quadratic
Gaussian with Loop Transfer Recovery (LQG/LTR) design. This procedure has been
successfully applied to many multiple-input, multiple-output (MIMO) systems. The
application of multivariable control theory to magnetic bearing and shaft systems is not
new. Many papers have dealt with the issue, examining different models and controllers
applying various simplification schemes. However, the multivariable controllers addressed
are usually the full state feedback, constant gain type. The LQG/LTR methodology
produces a dynamic multivariable compensator and use of such a dynamic controller has
not been thoroughly documented. In fact, only one application of a dynamic multivariable
compensator to the magnetic bearing problem was found in the literature [4].
Therefore, it is believed that an investigation into the combination of magnetic
bearing technology with the LQG/LTR control system design methodology is necessary to
determine the limitations of such a design with respect to a specific system configuration.
1.3 Thesis Approach
The thesis is concerned with an electromagnetic bearing / rotating shaft testbed to be
constructed at Draper Lab. The configuration consists of a rotor mounted on a flexible
shaft, sometimes called a Jeffcott rotor [5], which is supported by two permanent magnet
biased electromagnetic bearings. The system is four input, four output, which makes it an
excellent candidate for the application of multivariable control systems design. The
complex dynamic modelling of the flexible shaft / rotor has been performed by McCallum
[6] et al . The thesis approach, however, is to use a simplified stiff shaft model to design a
11
robust dynamic compensator, which, when combined with the actual flexible shaft / rotor,
will meet all system specification. The goal is to determine the limits of the compensator
designed with the simplified model. In addition, a compensator is designed using the full
flexible model to determine its performance, relative to the simplified controller.
1.4 Thesis Organization
Chapter 2 contains a derivation of the simplified stiff shaft model. The magnetic
bearings actuator is also presented. The actuator is a nonlinear device which uses a
permanent magnet bias to linearize the force applied by the actuator. The resulting model is
linear only in terms of flux density, and must be linearized around a nominal operating
point, with respect to applied control current (voltage) and shaft position within the
bearing. The linearization is performed and the combined simplified linear stiff shaft model
is presented as the design plant model (DPM) for control system design .
Chapter 3 performs the analysis of the DPM to determine if the model is compatible
with the control system design methodology. Model scaling is performed and
controllability and observability issues are addressed. The resulting scaled design plant
model (SDPM) is presented. Multivariable system modelling error analysis is introduced
and applied.
Chapter 4 presents the LQG/LTR design methodology and applies it, thus
producing the dynamic Model Based Compensator (MBC) for the aforementioned system.
System performance specifications are defined and used to develop system design criteria.
In order to meet certain specifications, integral control is required. State augmentation
procedures are presented to introduce an integration into each control channel. Finally, a
closed loop stability robustness test is performed employing the modelling error developed
in Chapter3.
Chapter 5 evaluates the MBC designed in Chapter 4. A time domain simulation test
plan is developed to verify compliance with performance specifications. Included in the
12
test procedure is a parameterization study to determine system robustness to changes in
shaft rotational velocity. A configuration of linear stiff shaft model and compensator is
tested to define the baseline system performance. A system configuration of nonlinear
actuator and flexible shaft model is then tested using the same regime and compared to the
baseline data. Limitations of the compensator are stated. Finally, system parameters are
modified to verify the limitations, and it is proposed that a compensator developed using
the flexible model should be designed.
In Chapter 6, the design of a MBC for a flexible shaft using the full flexible model
is performed. The procedure introduced in Chapter 4 is repeated, and the compensator
designed is evaluated using the test procedures of Chapter 5.
Chapter 7 summarizes the conclusions drawn and discusses the possible area of
future research.
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Chapter 2
2. Electromagnetic Bearing and Shaft / Rotor Model
2.1 Introduction
This chapter will develop the models for the electromagnetic bearing and the shaft /
rotor system. A permanent magnet linearized magnetic bearing force equation is
developed. Since flux is a nonlinear function of gap size and current, the force equation can
then be linearized in those two parameters around the null operation point. The
linearization of the actuator is done first because the resulting linearized equation appears in
the derivation of the shaft / rotor model. The term shaft / rotor refers to the actual flexible
shaft with an uncentered rotor mounted on it. For the controller design, a simplified model
is used. It is comprised of an infinitely stiff shaft (no flexible modes, no rotor), modelled
with equivalent inertias and the bearing actuators. This combined model will be referred to
as the design plant model (DPM).
2.2 Electromagnetic Bearing Model
The electromagnetic bearing consists of a four pole piece configuration (see Figure
2.1). The individual pole pieces contain a permanent magnet housed in a ferro-magnetic
shell. The actuator force is controlled by current passing through the coils shown. The
opposing coils are differentially connected so that the application of control current causes
an increase in flux in one side and a decrease in the other, producing the desired net force.
It is important to note that the bearing is operating in a magnetic attractive force mode,
14
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Figure 2.1 Four Pole Magnetic Bearing.
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rather than a magnetic repulsive force mode. If a system operates under the forces of
ferromagnetic attractionl, then Earnshaw's Theorem [5,15,16] states that system will be
will be inherently unstable.
The orthogonality of the pole pairs is representative. Actual construction
procedures may vary [17,18], but the resulting orthogonal force vectors ensure application
of force in any desired direction. The multivariable controller will maintain orthogonality,
allowing the controller to be a four output controller with two control directions at the two
bearings.
The linearization discussion starts with the shaft perfectly centered within the
bearing with all initial gap distances equal to go . This will be referred to as the null
position throughout this thesis.
The attractive ma'gnetic force between the gaps in one axis can be simply
considered as
2
FoRB A
where F is the attractive force, B is the flux density in the gap and A is the area of the pole
face. When the shaft is at null, this equation becomes
2
F0 o BoA
and the forces in the gaps, provided by the bias flux density Bo, are equal in magnitude
and opposite in direction. When the shaft deviates from null, say downward (in the x
direction), the bottom gap reduces, increasing its magnetic flux density to B0 + AB while
the upper gap widens, decreasing B to B - AB . The net force in that (x ) direction is the
sum of the top and bottom gap forces:
1The forces of magnetic attraction must vary with the inverse of the square of the distance between the
magnetically attractive bodies. It will be seen that the system considered in this thesis is of this type.
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Fnet = F,, -F, = (B +B) A-(Bo-AB) A
This equation is expanded to
2 2 2 -Fnet = B 0 + 2BoAB + AB - 2B B-AB
Simplifying, the linear in flux force equation becomes
Fnet = 4 A Bo AB
Since Bo is a constant (the result of the permanent magnets), the net force is linear w.r.t
B (i.e. AB). Also note that a significant gain increase is introduced. Further, since AB
is a nonlinear function of gap size and current, it too can be linearized at null [6,7,17,20]
resulting in the linearized net force equation
F=Ksx +Kii (2.1)
where x is the shaft deviation from go and i is the current appliedl. It is important to note
that this linearization is valid only around the null operating point. Equation (2.1) applies
to each axis of both bearings.
Examination of (2.1) reveals the consequence of the attractive mode magnetic
bearing. Using Newton's law, (2.1) can be rewritten as a second order differential
equation (again using the x axis)
= 1/m (Ks + Kii) (2.2)
This systems solution consists of a pair of equally spaced poles (about the j o axis) at
s + K / M . The linearization has revealed an unstable system pole, one for each
axis of each bearing. This system defined in (2.2) is known as an unstable spring, with
Ks being the unstable spring constant. The spring natural frequency is K s /
1Complete expressions for Ks and Ki are given in Appendix A.1.
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This linearized actuator model is used in the design plant model. For robustness testing,
the complete nonlinear model is used. Appendix A.1 contains the nonlinear actuator
equations.
2.3 Rotating Shaft Model
The purpose of the electromagnetic bearing is to maintain the stability of a flexible
rotating shaft and rotor system. A dynamic model of a flexible rotating shaft and rotor
which includes shaft damping and finite stiffness is quite complex (see Figure 2.2). The
derivation of such a system can be found in McCallum [6]. Such a complex modei, though
complete, may not be necessary for a robust LQG/LTR design when a sufficiently stiff
rotor spins below their critical (resonant) frequency. In this vein, a simplified model of the
rotor and shaft will be derived. The simplified model assumes an infinitely stiff shaft with
no rotor (Figure 2.3). Equivalent inertias can capture the effect of the rotor on the system.
However, shaft flexing and damping are ignored. Robustness testing with the flexible
model will determine the limitations of the controller designed with this simplified model.
18
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Figure 2.2 Flexible Shaft / Rotor System.
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Before starting the derivation, it is necessary to define the state variables with which
the system will be described. For this application, the system outputs are the shaft
positions within the bearing X-Y plane (at both bearings). This creates four system
outputs. It will be seen that the system can then be completely described with these outputs
as system states, along with their time derivatives. Represented in vector form, the system
states are
X = X a, X b Y a Y b, X a X b Y a Y b
Fa
IF
I
I y
I A ,.
d ft
(2.3)
Fb
IF
C) C
Xa
bearing plane a
Xb
x
Xo bearingplaneb
Figure 2.3 Simplified Stiff Shaft Model
Figure 2.3 depicts a shaft supported by two magnetic bearings. Only the x axis of
the shaft is shown. The derivation will be carried out for this axis only, equations for the y
axis are can be derived in a similar manner. The shaft is subject to both translational and
rotational forces. The derivation starts by examining the translational forces.
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The magnetic bearings cause translational motion via the force equation
F=Ksx +Kii (2.1)
The translational force equation is
Fa+ Fb = Mx - Ks (Xa+Xb) (2.4)
where x o is the acceleration of the center of mass, x a and xb are the shaft positions at the a
and b bearings respectively, Ks is our now familiar spring constant, and F a and Fb are
the force inputs (again for the x axis only) provided by the current term, Ki, of equation
(2.1).
The rotational forces are summed about the center of mass, cm in Figure 2.3.
They satisfy
aFa -bFb = Ix ax - Ks (axa -bxb) + OCyIz fz (2.5)
where Ix ax is the moment of inertia (radial inertia) and angular acceleration about the y-
axis, OY it the angular velocity about the x-axisl, I is the moment of inertia about the z-
axis (axial inertia) and 2z is the angular velocity (i.e. spin rate) of the shaft. The entire
term, y Iz z represents gyroscopic torquing effects on a spinning shaft. Continuing,
under the assumption that both 0 x and 0 Y remain small, so that
1 Note that 1) Ix = Iy and 2) there is a cross definition of axes and angles, meaning for example, 0 x is
the angle of rotation about the v-axis so that ax is the angular acceleration about the y-axis. This is
done to allow 0 x to be defined in terms of displacements in the axis in question: x a and X b . Figure
2.4 illustrates this for the y-axis definitions.
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aOx = x _-XO
ee-a V _V -V-
and
""x - "x =,a --- . (2.6)
Also, letting r equal the radius of gyration of the shaft, Ix can be written as Ix= M r
The rotational force expression can now be rewritten as
(Mr (a - ) = a Fa - b Fb + Ks ( aa - b b) - I 
and is easily rearranged to
(a -O) = (,/ aFa -bF b +Ks (axa -bxb)- oyIz z )
. (2.7)
The translation equation (2.4) can be written to solve for x as
o =(/M) (Fa+Fb+ Ks (Xa+xb))
Inserting (2.8) into (2.7), the complete acceleration term for Xa
(2.8)
becomes
a2 ab a2 ab a -/M| + 2 + 22Xa+(l- 2.(OYI n]
(2.9)
The next problem is to find a simplified expression for (oy. Again, with the assumption
that 0 x and 0 are small, approximations to oy can be made . Examining Figure 2.4,
22
b Yb
Figure 2.4 Small angle approximation diagram
for small 0 Y,we find
(a+b)0y=y a-yb and, for velocity
(a+b) coy=y a-Y b
Solving for WOy and combining with that term in (2.9), we get
2OyMr
Iz Qz a
M r2 a+b Mr (Y
a-Y b)
Making the substitution into (2.9) produces
Xa= 1/M(1 Fb+ Ks[(1 +(1- ab xb]24Xb
r
IzQz a
M I2(ab)) (Y aY b)Mr~~~~
. (2.11)
Equation (2.11) must now be redefined in term consistent with the development of a state
space system. Using the following matrix entry assignments
Kl= j:- 1 + 2 K 12 = K/M
23
Ya
a
I
(2.10)
1 a b
2
It
y
2 F
2
r
2
a X
2
r
2
r
Gll=Z 2 [(a+ib)] G12= Z z 2 [2(a+b]
(2.11) can be written as
Xa =F/Ks)[KllFa+Kl2Fb]+(KllXa +K12Xb)- (GlY a-G 1 2Yb (2 12)
.(2.12a)
This is the final equation describing the acceleration of the shaft in the x direction at the 'a'
bearing. A similar expression for the 'b' bearing can be derived as
Xb = ( /K 5 )[K 2 Fa+K 22 Fb]+(K 2lXa +K22Xb)-( G21 a + G22Y b) (212b
where
K 2 1 = M[ 1- 2] K22 /M= 1 + b 2
21= A 2 (a+b) 22 2 (a+b)
With (2.12a) and (2.12b) the dynamics of the x-axis of the shaft are completely
described in terms of system inputs, outputs, and desired states.
Equations for the y-axis follow the same derivation, the only difference being a sign
reversal in the G matrix terms. They are:
Ya = (/Ks)I[ KllFya+Kl 2 Fyb]+(KllYa +Kl2Yb)+ (G X a-G 12X b) (213a)
Yb= ( /Ks)[K 2 Fya+K22Fyb]+(K2lYa +K22Yb)+ (G21x a+Gxb) (2.13b)
The design plant model (DPM) is now complete. A summary of equations in matrix form
is given below.
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In a canonical state space representation form, the dynamics of a linear time
invariant (LTI) system can be completely described by the familiar state space
representation as
x(t)=Ax(t)+ Bu(t)
y(t)= Cx(t) + Du(t) (2.14)
where x (t) is the system state vector that varies with time, u (t) is the system input vector,
also a function of time and y (t) is the system output vector given as some linear
combination of states and inputs. A, B, C and D are the system matrices, specific to the
DPM in question. Recalling the definitions of the state variables
X =Ix a, Xb, Y a Yb, a, Xb, Y a, Y b](2.3)
the system A and B matrices can be assembled in block matrix form using (2.12) and
(2.13) which contain the sub-matrix entries as defined above. They can now be
represented in state space form as
0 0 I 0 0 
xOt)= ° -G x(t)+K[ KO u(t)
O K G O OK (2.15)
where I is a 2 x 2 identity matrix, G and K are also 2 x 2 matrices which contain stiffness,
mass, geometric and gyroscopic terms whose entries are defined above and Ki is an input
force gain constant. The system of equations in (2.14) are consistent with the literature for
a similarly characterized shaft and bearing system [7].
The system state vector, x is defined in (2.3); the control input vector, u is defined
as the four control currents, two into each bearing:
25
U = [Uxa, Uxb U ya Uyb]
For completeness, the C matrix will be given as:
C=[I4x 4 04x4] (2.16)
where the outputs are the shaft position states in meters. The D matrix is a 4 x 4 matrix of
zeroes.
The DPM that will be used for the control system design is now completely defined
by (2.15) and (2.16).
To reiterate, the DPM is a simplified version of a complex, nonlinear magnetic
bearing and flexible shaft / rotor system. It is hoped that the DPM captures the dynamics
of the actual system such that a controller designed for it will work equally well for the
nonlinear, flexible shaft / rotor system. In order to verify that this is indeed true, nonlinear
simulations with the complete flexible shaft / rotor model will be done. It is for this reason
that the state equations for this system shown in Figure (2.2) is given in Appendix A.2.
2.4 Summary
In this chapter, the design plant model (DPM) for use in control system design was
presented. The nonlinear magnetic bearing actuator was introduced. It was linearized
around the null operating point through the superposition of opposing bias flux densities
provided by permanent magnets. It was then shown how such an actuator, operated in
attractive force mode, produces unstable system poles. The actuator is used to control a
spinning shaft / rotor system. The actual system, a flexible shaft and rotor, was simplified
by assuming infinite stiffness, and equivalent inertias. The simplified shaft was then
combined with the linearized actuator, and the composite system dynamics were derived.
The differential equations of motion, described in terms of the system states, were then put
into a state space representation which can now be used for control system design. Finally,
26
the true shaft / rotor system and nonlinear actuator dynamics were documented in the form
of Appendix A for use in robustness testing simulations and error analysis.
27
Chapter 3
3. Analysis of the Linear Model
3.1 Introduction
This chapter will analyze the linear model derived in Chapter 2. It will start with the
introduction of system parameters into the design plant model (DPM). The eigenstructure
of the DPM will then be analyzed, with emphasis on controllability and observability
issues. Scaling is perhaps the most important problem in the design of this multivariable
control system. It will be fully documented here and the scaled design plant model
(SDPM) will be derived. Ir is this SDPM that will ultimately be used in the controller
design. The final section of this chapter will derive the model error that will be used in
checking the closed loop system robustness. The model error is developed as the error
between the flexible shaft / rotor and the simplified stiff shaft model.
3.2 Design Plant Model
The DPM defined in equations (2.15) and (2.16) can now be applied to a system by
the specific choice of system parameters. For this particular application, system parameter
values are based on a magnetic bearing and rotating shaft / rotor testbed to be built at Draper
Lab. Numerical values for the complete testbed system are given in Appendix B. The
numerical form of the DPM system matrices are given in Appendix C. Two changes
from equations (2.15) and (2.16) should be noted. The gain factor for the B matrix has
been changed to reflect a voltage input.; thus, (2.15) becomes
28
0 0 0 00
0 0 0 I K, Ki 01
= K 0 0 -G x Ki K KO u(t)
O K G O OK (3.1)
where the units for Kv are Newtons / volt. Also, the output has been scaled to reflect the
sensor gain. System outputs will now be in volts and (2.16) becomes
C=Ksesort[I4 x4 04x4] .(3.2)
At this point, the tool available for multivariable frequency domain analysis is
introduced. In single input single output (SISO) systems, frequency domain analysis is
accomplished by examining the Bode plot of the system transfer function [10]. The
multivariable extension of the Bode plot is the plot of the singular valuesl of the loop
transfer function matrix (TFM) as a function of frequency. The TFM, analogous to the
SISO transfer functions, defines the input / output relationship for a multiple input multiple
output (MIMO) system. If a MIMO system is described by (2.14), it can be shown that the
TFM is defined as
G(s)=C(sl-) - B +D
where s is the Laplace variable. The singular value plot for the DPM are shown in Figure
3.1. The units for the plot are volts / volt . This plot can be interpreted in a similar manner
as one would do for a SISO system. The plot shows that the system has D.C. gain of less
than one, that there are no (transmission) zeroes in the system, and that the plant has a -40
dB per decade roll off at high frequencies. Since the DPM is a 4-input 4-output system,
G(s) will be a 4 by 4 matrix. It will have four singular values for each frequency point.
1 A definition of singular values and a discussion of singular value plots can be found in [1,2,9].
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Figure 3.1 shows that at low frequencies, these four values are nearly the same, while at
the higher frequencies, the singular values of G (s) separate.
With the DPM matrices defined, the eigenstructure analysis of the system can be
performed. The eight system poles are located at
-222.9 ± .83 j
222.9 + .83 j
-287.9 16.9j
287.9 16.9j .
These values correspond to the break frequency in Figure 3.1. The effect of the attractive
mode magnetic actuators is clearly seen in the unstable system poles. This simplified
system model contains NO transmission zeroesl.
The complete eigenstructure includes the eigenvectors defined by
A vi = Xi Vi
where vi is the i th eigenvector which corresponds to the i th eigenvalue (pole) i . The
eigenvectors for this DPM expose the numerical instability of the system A matrix. Figures
3.2 and 3.3 are bar graph representations of each eigenvalue. Inspection of the graph
reveals that the eigenvectors are dominated by the velocity states (entries 5 through 8 in
each eigenvector). In linear algebra terms, the A matrix does not span the n-dimensional
space, where n = 8 in this case. This is because the system has not been properly scaled.
In fact, A is a numerically ill conditioned and this can be observed by considering its
condition number. The condition number of a matrix is defined as the ratio of the largest
singular value to the smallest [1,4,11] and it is denoted as cond(M). A well conditioned
matrix has a condition value near 1. The condition of our DPM A matrix was found to be
1 However, the true flexible shaft / rotor system does contain transmission zeroes. This will become
evident in the development of the system modelling errors. A definition of transmission zeroes can be
found in [1].
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4
8.33 x 10 (hardly near 1 !!). This is indeed an ill-conditioned matrix. The numeric stability
of A is important in the LQG/LTR design process because of the extensive use of the
Riccati equation, whose numerical convergence heavily depends on the condition of the
matrices used, among which is A. This is an additional reason that the scaling of this
particular multivariable system is so important.
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Figure 3.1 Singular Values of the Design Plant Model
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3.3 Scaling of the Design Plant Model
As discussed earlier, scaling in a multivariable control system design is quite
important. The LQG/LTR design methodology uses a model based compensator (MBC)
which contains the A, B, C and D (if non-zero) of the DPM. If the system is not properly
scaled, its ill-conditioned nature, as defined above, will then appear in the MBC. It is
possible, among other considerations, that a MBC may not even be realizable; that is,
solutions to the Control Algebraic Riccati Equation (CARE) and the (Kalman) Filter
Algebraic Riccati Equation (FARE) may not even exist (the equations may not converge).
In this case, an LQG/LTR compensator can not be found. The unscaled system of this
thesis is a prime example.
A solution to this problem is to perform a complete system scaling. Complete
scaling means state scaling via a state transformation, input matrix scaling and output
matrix scaling. The specific combinations of scaling used is unique for each particular
system. There are, however, a few guidelines to follow: One technique of state scaling is
an attempt to weigh state deviations in a systematic manner that makes physical sense;
input and output scaling is done to confine the system to a unit square (if 2-input, 2 output)
or a unit pseudo-cube in this case; one final hint is to perform state scaling with
concentration on producing a well conditioned system A matrix. It will be shown that a
proper application of state scaling can produce a well conditioned system matrix. Also
note that since scaling affects the input - output relationship of the DPM, it can be expected
that the singular value plot of DPM (Figure 3.1) will change with the scaling also.
The state scaling is performed to normalize the state variables with respect to each
other. That is, it provides a measure of relative importance of a state expressed in meters /
second to one expressed in meters etc. This is the exact type of scaling necessary for our
problem. Examination of the unscaled system eigenvectors reveals that for a given system
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modal excitement, a unit response of velocity output will be seen, while only a fractional
amount (.0045) of position response will be observed. In order to 'balance' the system, a
state scaling should "balance out" the different state variables, with respect to their units so
that the state space is spanned appropriately, i.e. the eigenstructure is not skewed because
of a unit inconsistency. The following will document this procedure.
A state transformation can be defined as
xs(t) =T - xt (3 3
where Xs is the new state vector related to x by the state transformation matrix T -1 If Xs
is considered as the scaled system states, then the time evolution of the scaled states is
completely described by
-1 (t:SxASxxt+SxBut-1x(t)=S1 AS xx(t) +Sx Bu(t) (3.4)
-1 T-1
where S x = T is the scaling transformation matrix. The output equation, as defined in
(3.2) is also affected by this state transformation. It will be redefined following the input /
output scaling found below.
-1
The state scaling matrix S x is defined as
-1 I( .045)14x4 4 x4
x04 x4 14 x4
Recall that the first four system states are the position states and the second group of four
-1
are velocity. It can be seen in the S x matrix that the position states are being amplified
by a factor of 1/.0045 (22.2) so that for the same modal excitation as mentioned above, the
scaled system will respond relatively equally (in terms of velocity vs. position). The
application of this state scaling matrix in (3.4) immediately produces the desired scaled
system A matrix. It is important to note that a diagonal state transformation like this does
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not affect the definitions of the states, that is, the states retain their physical meanings.
4
Recall that the cond(A) = 8.33 x 10 and that the desired condition of a matrix is close to 1.
After performing the defined state scaling, it was found that the condition of scaled system
matrix A has been reduced to 1.729. Therefore, the state scaling applied in terms of
normalization of relative states also improved the numeric condition of the system.
The the remaining scaling issue is concerned with the system inputs and outputs .
Input (output) scaling is done to either emphasize/de-emphasize a control input (system
output) or to normalize inputs (outputs) or any combination thereof [2]. Since the state
scaling performed above resulted in a physically meaningful, numerically stable system, it
was decided to just use input/output normalization scaling in order to 1) make the system
transfer function matrix (TFM) independent of units and 2) to confine the TFM to the unit
pseudocube. The scaling matrices in this case are related to the maximum values expected
at the inputs and outputs (in this case both in volts). The input scaling matrix, S u, can be
defined as follows
Uunscaled ( t= S uUscaled (t) (3.5)
and the output scaling matrix, S y, is defined as
Yunscaled t = S y Yscaled { t or
-1
scaled ( t} = S Yunscsled ( t}Yscac(thSy Yunscaed(t) (3.6)
Where the scaling matrices are
Su =U ax [1I 4 4 ] and
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Sy =Ymax[4x4] =Sy - [14x4]
The maximum control command voltage for this system, u nx , is 30 Volts, and the
maximum output voltage Y mx , is 10 Volts.
Input and output scaling transformations can now be combined with the new state
equations (3.4) to yield the scaled design plant model (SDPM)
-1 -1
x, (t)=Sx ASx xs(t) +Sx BSuuscaled (t)
Yscaled (t)= Sy C SXs(t)
Figure 3.4 contains a block diagram of the complete SDPM.
(3.6)
(3.7)
X, ( t)
normalized
output
Figure 3.4 Scaled Design Plant Model
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i
The SDPM can now be summarized by the following state equations
xs(t=A s xs ( t} + Bs unoraized ( t (3.8)
Ynonmized (t )= Cs s ( t ) (3.9)
where 'normalized' has replaced 'scaled' as a more appropriate term because the input /
output scaling created a dimensionless system contained in the unit pseudocube. The
scaled system matrices are defined as
-1
As=Sx ASx
B= Sx BS,
CsS- C S (3.10)
Eigenstructure analysis of the system state matrix reveals no change in the system
eigenvalues as expected; they are preserved through any similarity transformation, while
the system eigenvectors have changed dramatically. Figures 3.5 and 3.6 are bar graph
representations of each eigenvector, similar to Figures 3.2 and 3.3. The effects of system
scaling are seen clearly in a comparison of the two sets of figures. In Figures 3.5 and 3.6
it can be observed that the system now spans the 8-dimensional space. Figure 3.7 contains
the singular value plot for the SDPM. Also note that the D.C. gain of the system changed
with the scaling as expected, but the shape of the plot remained basically the same.
Through scaling, the TFM has become dimensionless so the plot has no units associated
with it. The open loop system has singular value crossover frequencies (defined as the 0
dB crossing) in the range of 200 to 400 r/s.
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3.4 Controllability and Observability
The issues of system controllability and observability are extremely important in
any control system design and the use of the LQG/LTR methodology is no exception. The
concepts of controllability and observability are introduced in an introductory systems
analysis course [10]. These restrictive concepts can be relaxed to the respective concepts of
stabilizability and detectibility [1]. These less restrictive constraints are necessary and
sufficient to guarantee the existence and uniqueness of the optimal solution to both the
Linear Quadratic Guassian (LQG) and Kalman Filter (KF) problems that are the significant
parts of the LQG/LTR design process [1]. Without further delay, simply stated:
The dynamic system described by (2.15) and (2.16), with numerical
parameters as defined in Appendix B, and the resulting system state matrices of
Appendix C is both completely controllable and completely observable.
These properties can be shown through use of the unscaled eigenvectors combined with the
system B and C matrices. The ith system mode is observable if C vi * 0, where Vi is the
.~th '~.th T T
h right eigenvector, and the system mode is controllable if wj B 0, where w is
.th
the I left eigenvector. Application of these tests leads to the above conclusion.
3.5 Model Errors
In this section, we will develop the system model error. The only modelling error
that will be considered is the known error between the DPM and the flexible shaft / rotor
model whose state space representation is given in Appendix A.2. Modelling errors
concerning sensor and actuator dynamics and the accuracy of the flexible model will not be
addressed here.
There are several approaches to defining modelling errors [1,9]. The approach to
be used here is to consider the model error as a multiplicative error where the modelling
error is chosen to be reflected at the plant output.
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u (s) y (s)
GN (s- }
Figure 3.8 Model Error Reflected at Plant Output
L(s)
Figure 3.9 Multiplicative Error Block Diagram
Figure 3.8 implies that the actual plant, , is a combination of the nominal plant (DPM),
G N , and a multiplicative error L(s). Equation (3.11) summarizes this statement
GA (s) =L(s)GN(s) (3.11)
The model error, L(s), can be visualized (see Figure 3.9) as
GA (s) =[I +EM (s)] GN (S)
and the multiplicative error TFM, EM s ), can be found
are both known. Solving (3.11), EM ( S ) becomes
E M (s) =[G, (s)-GN (s)] GN (s )
(3.12)
in terms of G N and G RA, which
(3.13)
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This TFM can easily be calculated using matrix algebra if the individual TFMs are known.
Figure 3.10 contains the singular value plotl of GR (s) . It is used in calculation of
EM ( s ), shown in Figure 3.11. The multiplicative error singular values imply that the
simplified model is accurate at low frequencies, but modelling errors become appreciable
well within the system bandwidth. This plot will be used later in a check for guaranteed
closed loop system robustness.
1 The singular values of the flexible shaft reveal the effect of the transmission zeroes in that system. The
zeroes exist beyond the system bandwidth, and are minimum phase.
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Figure 3.10 Singular Values of the Flexible Rotor Model
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3.6 Summary
In this chapter, numerical values were introduced into the DPM derived in Chapter
2. Eigenstructure and matrix condition analysis was performed on the system state matrix
and it was found that the system was ill-conditioned. Matrix condition implications were
discussed and it was suggested that system scaling could be done to improve the system
numerical properties. Several scaling approaches were presented and the chosen scaling
procedure for this system was clearly documented. The selected scaling procedures were
applied and the scaled design plant model (SDPM) which will be used for controller design
was defined. It was stated that the system was completely controllable and observable. The
concept of multivariable error analysis was introduced and system multiplicative error was
defined in terms of the DPM and the actual flexible shaft system.
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Chapter 4
4. Design of the Multivariable Control System
4.1 Introduction
In this chapter, the design of the multivariable control system will be performed.
Specifications for the system performance will be stated. The Linear Quadratic Gaussian
with Loop Transfer Recovery (LQG/LTR) methodology will be introduced and applied to
the scaled design plant model (SDPM). The controller will be combined with the design
plant model (DPM) and the closed loop system robustness properties will be evaluated with
respect to the modelling errors derived in Chapter 3.
4.2 Performance Specifications
In any control system design, there must be some criterion which enables the
designer to make decisions which affect the closed loop system performance. These
criteria can be combined under the heading of performance specifications. For example,
the specifications may include, physical limitations for the system, or they may be specified
as a desired level of performance with respect to a state variable or both. Before the system
controller can be designed, some system specifications must be imposed.
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The specifications for the electromagnetic bearing / shaft system are not well
defined. They are based on the design goals of the Draper Lab testbed, which, at the
inception of this thesis, were set to be the following: It is desired that
1) the system have a high degree of disturbance rejection at all frequencies,
2) there are zero steady state errors to step command inputs,
3) the open loop crossover frequencyl, Oc, be 100 Hz and
4) that the system behave equally well in all directions.
The crossover frequency specification is consistent with other magnetic bearing
controller designs found in the literature [20]. There exists a minimum crossover for
systems with unstable poles [14] because some system gain is required to simply stabilize
the system. We assume the specification given in (3) is beyond the minimum crossover for
this system. The first two requirements are standard in many control system designs. The
use of an integral controller will insure zero steady state error to D.C. disturbances and step
command inputs. The final desired characteristic is not necessarily unique to MIMO
systems. For example, if a system had several similar SISO loops, it maybe desirable that
each loop have the same performance characteristics, if physically possible. In the
frequency domain, this would mean they have identical Bode plots. Interpreting this in a
MIMO context, we would say that all singular values would be identical over the entire
frequency range. This is referred to as singular value matching.
In order to meet these design goals, some assumptions concerning actuator and
sensor dynamics must be made . A conservative assumption is requiring the frequency
response of the actuator and sensors to be flat from D.C. to 1000 Hz (10 times c). The
linearized model of the actuator, defined in Chapter 2, contains no dynamics so this
assumption is valid.
1Crossover frequency is defined as the 0 dB crossing (as in Chapter 3).
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In summary, two constraints have been placed on the control system design : the
controller must contain an integrator for each of the control channels and the loop
(controller and DPM) TFM must crossover at 100 Hz.
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4.3 The LQG/LTR Design Methodology
The Linear Quadratic Gaussian with Loop Transfer Recovery (LQG/LTR) control
system design methodology is a relatively mature design procedure. It has been applied to
many multivariable systems from jet engines [3] to automobile engines [12] to submarines
[2]. The basis of the methodology is frequency domain shaping of the loop (combined
compensator and DPM) singular values.
Several steps of the design procedure have already been completed: deriving the
DPM (in this case the SDPM), defining system specifications and performing rudimentary
error analysis. The remaining steps combine Kalman Filter (KF) and Optimal Linear
Quadratic Guassian (LQG) theory to design a Model Based Compensator (MBC).
4.3.1 Kalman Filter Design and the Target Feedback Loop
In this section, the basic concepts needed to design a KF for the SDPM will be
presented. The KF will not be used as the optimal state estimator it is devised as but,
rather, as a design tool to perform frequency domain loop shaping to meet system
specifications. The goal in using the KF design procedure is to develop a Target Feedback
Loop (TFL) which captures the desired characteristics of the combined controller and
DPM, the loop transfer function GK(s), for the loop broken at the plant output.
We will start with the definition of the KF design. Again, consider the state space
system as defined in (2.14):
x (t)=Ax(t)+ B u(t)
y(t)= Cx(t) (4.1)
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This description is modified to allow KF theory application, and (4.1) becomes
x(t)=Axit)+Bu(t)+ L (t)
y(t)= Cx(t) + 0(t (4.2)
where (t is white process noise with unit intensity which enters the system through the
matrix L, and 0 ( t } is white sensor measurement noise with intensity 0 = g I. At this
point, some restrictions must be applied. They are that
1) [A, L] must be stabilizable and
2) [A, C] must be detectable.
It was stated in Chapter 3 that the DPM was completely observable. This satisfies
constraint (2). Constraint 1) implies that the process noise must (at least) excite all the
unstable system modes. This depends on the choice of L. Having the design freedom to
choose L and g is what differentiates the standard optimal KF from our version. In the
standard KF problem, these parameters are determined by the noise statistical properties
and the system structure in question. In this case, L and g can be chosen to perform the
desired frequency domain loop shaping. Loop shaping is performed on the KF TFM
defined as [1,2]
G (s) =C(s -A)H (4.3)
where H is defined as
(4.4)
with l being the solution to the Filter Algebraic Riccati Equation (FARE):
O= A+LA +LL -(l/j)CC T
I/V -9 l ~~(4.5)
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The Kalman Frequency Domain Equality [8] as defined for the KF problem,
I+ GKF(s)][ +GK(-s)] =I+ / [C s)L][C-s L]
where (s) = (s I -A) ,can be used to show that [1]
GoK(s) = 1/) C(s-A sL (4.6)
This approximation can be analyzed to aid in the choice of the design parameters L and .
It can be shown [1] that low frequency matching of the singular values of G KF( s ) can be
achieved by the choice of
L C (C A C ) (4.7)
and for high frequency singular values matching, choosel
L = CT (C CT) , (4.8)
and the design parameter, pt can be use to control the system bandwidth.
Completion of the above procedure will produce a G KF s ) (for the design plant
model) that will have the following guaranteed properties [1,2]:
1) the closed loop system will be stable
2) infinite upward gain margin
3) downward gain margin of at least 6 dB
4) at least + 600 of phase margin
5) the loop will be minimum phase.
It is because the above properties represent a well designed control system that G KF( s)
will be used as a Target Feedback Loop (TFL) which represent the desired characteristics
of GK(s). The TFL properties are to be recovered in the next step of the design.
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1Other choices of L can be found [1,2].
4.3.2 The Loop Transfer Recovery
The frequency domain shapes of the TFL to be designed will meet the design
specifications placed on the system. The next step of the design process is to recover those
shapes with the controller and DPM TFM, GK(s). This is accomplished by applying
Linear Quadratic Guassian (LQG) design techniques, using 'cheap' control.
The LQG design produces a controller gain matrix Gp which is derived from the
solution to the Control Algebraic Riccati Equation (CARE), with p being the design
parameter that represents the cost of the control. The concept of 'cheap' control is defined
by the solution to the CARE as p -- 0. The CARE is defined for the system in (4.1) as
[1,8]
0 = - K A- A K-C C + V B K0 = P ~,)PBB P (4.9)
and the IQG gain G p is defined as
G= (/p)BT . (4.10)
As was the case for the KF design, some design prerequisites are imposed. They are that
1) [A, B] must be stabilizable,
2) [A, C] must be detectable and
3) the system must be minimum phase (no RHP zeroes).
It was stated in Chapter 3 that the DPM was completely controllable and observable. This
satisfies constraints (1,2). Constraint (3), which is important for the recovery of the TFL
properties, is met by the fact that the DPM has no zeroes1 .
As a design goal for this procedure, it is desirable that the recovery of the TFL is
completed to approximately one decade beyond the crossover. This 'amount' of recovery
1 The fully flexible model contains transmission zeroes. It depends on specific system parameters whether
or not they are minimum phase or not. See McCallum [6]. For the system as specified in Appendix B,
using the full rotor model, the transmission zeroes that exist are minimum phase.
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(vs. frequency) is dependent on the choice of p, i.e. how cheap the control is made. As
with all LQG designs, there are design trade-offs with respect to the degree of cheap
control used. This means that too cheap control may produce extremely large gains that
will cause the controller to request excessively large control commands.
The LQG/LTR design procedure is now complete. The procedure produced two
gain matrices K and G. These matrices will be used with the matrices of the SDPM
(important to note scaled ) to form a compensator known as the Model Based Compensator
(MBC). It is called model based because the DPM is used as part of the dynamic
compensator. Figure 4.1 contains the block diagram of GK(s), where K(s), the MBC,
with its designed gain matrices H and G, is in series with the DPM. The MBC can be
described by system equations as
i(t =A -BG - HC) z(t) - H e(t)
u(t) = -Gz(t) (4.11)
To reiterate, if there are no non-minimum phase zeroes, then the frequency domain
shape of the singular values of GK(s) will approach those of the TFL as p -, 0.
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4.4 Control System Design
Now that the design procedure has been presented, the actual design process can
begin. As stated above, the first step is the design of the target feedback loop (TFL) which
meets all the system specifications. This is accomplished using Kalman Filter techniques.
Before doing so, in order to meet the specification of having a type 1 TFL (i.e. integral
control in loop), the scaled design plant model (SDPM) must be augmented with an
integration in each control channel.
4.4.1 State Augmentation of the Design Plant Model
The desired performance characteristic of zero steady state error to step command
inputs requires that a combined controller-plant system [GK(s)] be of type 1 (or greater).
Since the SDPM is type 0, an integrator must be included in the compensator to increase the
system type. Further, since the design process produces a TFL that is to have the desired
response of GK(s), the integrator must be included in the TFL. Examining the TFL
equation, defined in (4.3), it is clear that the only system dynamics are in the SDPM A
matrix. Therefore, in order for GK(s) to be type 1 or more, the TFL must be type 1, which
implies the SPDM must be augmented with an integrator in each control channel. Figure
4.2 illustrates this idea in block diagram form.
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Figure 4.2 Augmented Design Plant Model
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The augmentation starts with the SPDM defined in (3.8) and (3.9). The augmented system
in state space form is
=Un W 0,, mxn x(t + m t
[ p(t) B, A, xp t O xm
Un nm
y( t [Om xIm C ] [xI2] (4.12)
where n = 8, m = 4, xp , has been substituted for the SPDM state vector Xs , I is the 4 X 4
identity matrix, u is the controller output and up is the control input applied to the plant.
The resulting augmented system is 12 h order (n + m). The KF frequency domain loop
shaping procedure is to be applied to the system of (4.12). Figure 4.3 is a singular value
plots of the augmented SDPM (compare to Figure 3.7).
4.4.2 Design of the Target Feedback Loop
The target feedback loop (TFL) is to be designed using the Kalman Filter design
technique described above. Frequency domain loop shaping will be done to 1) match
singular values at high and low frequencies and 2) to produce a TFL bandwidth of 100 Hz.
In order do both high and low frequency singular value (SV) matching, the SV
matching concept introduced in section 4.3.1, must be modified to take advantage of the
additional degrees of design freedom which were created via the state augmentation
performed above. Equations (4.12) must be redefined as in (4.2). Recall that the state
vector of (4.12) now has m+n states (12) and that the L matrix is now 12 by 4. L can be
partitioned to
L = [LL LH (4.13)
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Figure 4.3 Singular Values of the Seated Augmented Design Plant Model
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where LL, a 4 by 4 matrix, can be used to shape the low frequency response of the TFL
transfer function matrix (TOM), and LH, 4 by 8 matrix, can be similarly used for the high
frequency SV shaping. It can be shown through use of the Kalman Frequency Domain
Equality that the following choices for LL and LH will produce the desired SV matching [1]:
LL= - CS AS 1 BS]
LH= C[CSC C ] (4.14)
where the SDPM matrices of (3.10) are used. For this design, some scaling of these
definitions of L were necessary, see Appendix D for the numerics. With the SV matching
achieved, the remaining step of the TFL design is to force its TFM to have (approximately)
the correct crossover frequency . This is accomplished through manipulation of the design
parameter g. To achieve the desired TFL, some fine tuning was required to arrive at the
correct combination of L, LH and g. The pg used in the final design is 2 x * 1500.
The design parameters were defined and the solution to the Filter Algebraic Riccati
Equation found. The resulting KF gain matrix H can be found in Appendix D. H will be
used as part of the model based compensator K(s).
With H defined, the TFL can now be presented. Recalling the TFL TFM as defined
by equation 4.3
G KF(S) =C(s I--A) - H (43)
the singular value plots of the TFL can be examined. Figure 4.4 reveals that the system
design specifications are clearly met by this TFL, with the only noteworthy feature of
Figure 4.4 being that the SV's may not be matched well enough at the crossover frequency.
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Figure 4.4 Singular Values of the Target Feedback Loop
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4.4.3 Application of the Loop Transfer Recovery
With the TFL design complete, the remaining step in the controller design
procedure is to recover the TFL by use of Linear Quadratic Gaussian (LQG) theory,
solving the cheap control problem. As stated earlier, cheap control implies solving the
Control Algebraic Riccati Equation (CARE), defined in equation (4.9), as p -o 0, using the
system matrices defined in equation (3.8) and (3.9). As discussed above, the goal of this
procedure is to recover the TFL to approximately one decade beyond crossover. The
'degree' of recovery depends on p. Choosing P = 1 10 - , satisfactory recovery is
achieved without requiring excessively large control commands. The LQG gain matrix G
produced by the LTR procedure can be found in Appendix D. Figure 4.5 is the SV plots of
GK(s), which shows the recovery of the TFL to slightly less than a full decade beyond
crossover, then the system rolls-off at -40 dB per decadel.
4.4.4 The Augmented Model Based Compensator
With the LTR complete, the MBC can be assembled. There are some additional
details that must be addressed. The A, B and C matrices of the MBC are from the
augmented SDPM. Recall that the integral control requirement was produced by
augmentation of the SDPM for the KF design procedure. In order to actually implement
the integral controller, the compensator itself must be augmented to produce pure integral
control. Figure 4.6 illustrates the process of moving the integration from the augmented
plant to the controller.
1 The K(s) used here has been augmented and scaled as in Figure 4.7.
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Figure 4.5 Singular Values of GK(s)
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Figure 4.6 Integral Control by Compensator Augmentation
The augmented controller in state space form is
(t) [ A BG-HC Om+nxm z(t)l [ H et
Up(t) G Omxm Up(t) Omxm
Up(t) [ Omxm+n Imxm+n] [U(t)] (4.15)
The MBC of equation (4.11) was 1 2 th order (eight order DPM, plus the original 4
integrators). The augmented MBC, K(s), is now 16th (12 plus 4 pure integrators).
The compensator is not complete yet because it was designed with a normalized
(scaled) DPM which is dimensionless. The compensator is expecting normalized input data
and it produces normalized command outputs. In order to control the real DPM, not the
scaled or normalized DPM, the compensator inputs and outputs must be scaled. The
correct scaling matrices are the same ones used in the original DPM input and output
scaling equations (3.5) and (3.6). This procedure is reflected in Figure (4.7).
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Figure 4.7 Scaled, Augmented Model Based Compensator
In summary, the scaled, augmented compensator matrices are
Acomp = Aa
Bco = BaSy
CM( =( , Su (4.16)
where matrices with the subscript 'a' represent the augmented system matrices from (4.15)
s-and the matrices, and u are the output / input scaling matrices defined in Chapter 3.
The augmented MBC completely described by (4.16) is ready for evaluation. The
singular value plots of K(s) are shown in Figure 4.8. Examination of the plots reveals the
integral-integral recovery, lead/lag form of the controller. This form is consistent with
many SISO magnetic bearing/shaft compensator designs found in the literature [18], and
with the lead/lag character of the LQG/LTR MIMO compensator. The numerical values of
the MBC system matrices are given in Appendix E. Also included there is a listing of K(s)
poles and transmission zeroes.
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Figure 4.8 Singular Values of the Scaled Augmented Model Based Compensator
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A comment must be made regarding the compensator poles. The poles are
0.0, 0.0, 0.0, 0.0,
-1630.8 + 3152.5 j,
-1630.8 ± 3153.6 j,
-3864.6 ± 0.6 j,
-1934.6 ± 3725.3 j,
-1933.8 ± 3747.5 j,
-4569.0 + 11.6j.
These are all high frequency poles. This is because of the high bandwidth system
specification. The recovery of the LTR process is required to be effective to well beyond
the crossover. In fact, recovery is achieved to approximately 2000 r/s. The (relatively)
small p needed for this amount of recovery produces the high frequency poles. It is known
that if a compensator contains some high frequency poles, relative to the plant poles, then a
reduced order compensator can (possibly) be found. This means that the high speed
response of the compensator may not be necessary for satisfactory closed loop
performance. An attempt was made reduce the K(s) designed here, using the residue
method [1,3 ] for system reduction. It was found that the compensator could not be
reduced. Any removal of compensator dynamics resulted in an unstable closed loop
system. Therefore, because high system bandwidth specifications requires high frequency
'recovery' for the design to be effective, the compensator must retain all of high frequency
dynamics.
The closed loop SV plots of GK(s), is shown in Figure 4.9. Some closed loop
peaking occurs and the closed loop bandwidth is beyond the desired open loop bandwidth.
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Figure 4.9 Closed Loop Singular Values of GK(s)
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4.5 Closed Loop Robustness Test
The MBC, K(s) was completely designed using the simplified, stiff shaft model.
Simulations will be run with that DPM to show that K(s) works, but the true test for the
controller is having it work with the known plant: the flexible shaft rotor model1 (of
Appendix A.2). This testing will determine the robustness of the compensator design to
modelling errors.
A conservative robustness test can be done on the basis of the known modelling
errors. Multivariable error modelling was introduced in Chapter 3. Specifically, the
multiplicative modelling error (MME) was defined and applied, producing the multiplicative
error singular value plots of Figure 3.11. There exists a robustness criterion which relates
the multiplicative modelling error SV to the closed loop SV plots of Figure 4.9 [1,3,9].
The criterion is that if the maximum singular value of closed loop system is strictly less
than the inverse of the maximum singular of the MME, then the resulting closed loop
system is guaranteed to be stable. In equation form, this is
max[Cjc~10)] < e/ m() (4.17)
Figure 4.10 contains the SV's of both the maximum 'sigma' of C (jo) (the closed loop
system TFM) and the inverse of the maximum sigma of the MME. The intersection of the
two plots violates the criterion of (4.17). This means that the closed loop stability of the
flexible rotor and compensator is not guaranteed. But the criterion, being a very
conservative and sufficient condition, does not preclude stable operation of the actual
system, that is, violation does not guarantee instability, so there is a possibility that the
closed loop system will be stable.
1 Another important testing procedure is performing non-linear simulations with the non-linear bearing
model (also of Appendix A). This will be discussed in Chapter 5.
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Figure 4.10 Closed Loop Stability Robustness Singular Values
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4.6 Summary
In this chapter, the Linear Quadratic Guassian with Loop Transfer Recovery
(LQG/LTR) multivariable control system design methodology was introduced, described
and applied. A multivariable integral controller was designed for the simplified stiff shaft
and linearized magnetic bearing actuator model derived in Chapter 2 and analyzed in
Chapter 3. The design procedure included state augmentation to provide integral control.
The resulting 16th order Model Based Compensator (MBC) was scaled to be compatible
with the Design Plant Model, and the closed loop system formed. Preliminary robustness
analysis was performed using the Multiplicative Modelling Error derived in Chapter 3.
This analysis showed that the control system as designed is not guaranteed to stabilize the
flexible shaft / rotor.
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Chapter 5
5. Model Based Compensator Testing
5.1 Introduction
This chapter will validate the Model Based Compensator (MBC) designed in
Chapter 4. It was concluded in that chapter that the MBC did not satisfy the robustness test
to the known modelling errors (see section 4.5). Hence, there is no guarantee that the
closed loop system GK(s) will be stable. But, since the robustness test is only a sufficient
condition, its violation does not necessarily mean that the overall system will be unstable
either. Therefore, the MBC must be thoroughly tested in order to have confidence in its
ability to stabilize the unstable, nonlinear plant under the operating conditions for which it
was designed. Stability alone is not sufficient to deem this compensator successful, it must
meet some performance criterion as well. Time domain simulations will be used to judge
the controller performance with respect to command following, disturbance rejection and
insensitivity to modelling errors.
Time domain simulation facilitiesl available at Draper Lab allow nonlinear and
parameter dependent (such as variation of shaft rotational speed) simulations to be
performed. Before proceeding, some performance specifications for a successful controller
must be stated.
1 Nonlinear simulation tools were designed and supported by Mr. Harold Bussey. The Systems Control
Technology product MODEL_C was also used for nonlinear simulation [11].
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5.2 Compensator Test Plan
This section outlines the desired performance of the closed loop system in terms of
specific testing procedures to verify compliance with the performance specifications set in
section 4.2. Reviewing those specifications, we can design a set of standardized tests to be
used in time domain simulations of the controller combined with the following possible
configurations of models:
1) Linear actuator, simplified stiff shaft
2) Nonlinear actuator, simplified stiff shaft
3) Liner actuator, flexible shaft / rotor model
4) Nonlinear actuator, flexible shaft / rotor model.
Before defining the test regime, a discussion about the operating conditions of the
system will be helpful. The shaft / rotor system is representative of a testbed to be built at
Draper Lab. The system will be affected by gravity (a d.c. disturbance) and in addition, the
rotor is subject to other a.c. and d.c. loads. The shaft / rotor will be mechanically balanced
but for testing purposes a mass unbalance will be introduced. The nominal rotating speed
of the shaft / rotor is 3600 rpm (60 Hz.), although it is desired to be able to operate at rates
up to 5000 rpml. There are mechanical touch-down bearings at +10 mils (half of the
magnetic bearing air gap), which was reflected in the 10 Volt maximum position output,
and the control supply voltage is limited to + 30 Volts (see input and output scaling, §3.4).
The nonlinear actuator simulations use the equations given in Appendix A which show the
actuator force dependence on applied current (voltage) and shaft position within the
bearing.
1 Note that both the simplified shaft and the flexible shaft / rotor models are dependent on their rotating
speed, co. The system poles and therefore the closed loop poles change as a function of co.
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TEST 1: Step Response
As specified, it is desirable to maintain a zero steady state error to step command
inputs (for example, the position commanding of a milling machine). Therefore, step
response simulations must be carried out. This test is conducted in a zero gravity field, at
nominal operating speed, with no mass unbalance. To illustrate system performance in all
directions (design specification 4), simultaneous step commands on both axes of both
bearings will be issued.
TEST 2: D.C. Load Disturbance Rejection
A static load specification has been set as d.c. force disturbance. This test is
performed at nominal rotational frequency, in the presence of gravity (1333 Newtons, 300
lbs). The maximum static force is set at 888 Newtons (200 lbs).
TEST 3: Mass Unbalance Simulation
This test addresses the effects of mass unbalance caused by imperfections in the
construction of the shaft / rotor. The representation of this is seen in Figure 2.2 as the
variable 'u' and McCallum's derivation [6] includes this parameter in the state equations.
As a system specification, mass unbalance is specified at 666 Newtons (150 lbs) dynamic
force applied to the center of mass, which sinusoidaly varies with the rotating speed of the
shaft.
TEST 4: Rotational Frequency Dependence (Simulation)
Both plant modelsl (simplified and full) are dependent on the rotational velocity of
the shaft, Qz . The location of the closed loop poles is therefore dependent on the current
rotational velocity. The compensator was designed to stabilize the shaft at the nominal
1Their open loop poles and zeroes are rotational frequency dependent.
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operating speed of 60 Hz. It is desirable to have the compensator be robust enough to
maintain stability throughout the spin-up operation, to a maximum rotational velocity of
5000 rpm. If this proves true, then a gain scheduled compensator, as a function of Qz,
will not be required. This test will be addressed by an analysis which determines the
closed loop pole locations as a function of rotational frequency.
5.3 Compensator Testing
In this section the results of the compensator performance testing are presented.
The section is divided into two parts: baseline system testing (configuration (1) above) and
nonlinear actuator, flexible shaft / rotor model testing (configuration (4) above). Since the
two interim combinations were used only for the development of the actual system
configuration of (4), documentation will be limited to a comparison of the actual system
performance to the baseline system performance.
5.3.1 Compensator Testing : Baseline Configuration
To determine the performance levels of any controller, a test procedure should be
applied initially to the design plant model (DPM) the controller was designed with. Since
this compensator was designed using linear control theory, the simplified stiff shaft and
nonlinear actuator model were linearized around a nominal operating point. Testing of the
compensator with the nominal linear DPM will provide a baseline of performance which
will be used as the performance criteria for the actual system.
Before proceeding, let's take a moment to define the sign convention. Examine
Figure 2.1. Observe that a positive disturbance force in the x-axis is defined as 'up' in the
figure. The same can be said for positive gravity. Also note that positive displacement is
in the same direction. So positive gravity and positive force disturbance would produce
positive displacement. Next note that positive current (volts) increases the attractive force
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in the 'up' (top) pole. Therefore, to reject positive gravity and disturbance, we would
expect negative current (voltage) commands. The same reasoning can be applied to the y-
axis, with positive disturbance force defined as to the 'right' in Figure 2.1.
Test 1. is the system response to step command inputs. As prescribed above, the
test is conducted in zero g gravity, at nominal 60 Hz shaft rotation speed assuming a
perfectly balanced shaft (no mass unbalance). It is required to have zero state steady error
to these command inputs. To test the directional behavior of the controller, simultaneous
commands will be issued in every command input channel. The selected test command
vector is: [ 5, 3, -4, 1]', where the vector entries correspond to the following desired
outputs
X a = 5 Volts (mils): 1/2 hard stop
xb = 3 Volts
Ya =-4Volts
Yb = 1 Volt.
Table 5.1: Plot Legend
X a Vx
Xb ,Vxb
Y a, Vy
Yb, VYb
The plot legend gives in Table 5.1 is valid for all time based simulation plots in Chapters 5
and 6. Figure 5.1 contains the baseline step response of the system. Positions and control
commands are both shown in volts. The observables are: there is a 60 % overshoot in the
response of the X a channel, slightly less than that in the Y a channel, peaking at -6.25 volts;
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Figure 5.1 Baseline Step Response
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the compensator commands the maximum of 30 volts in several channels, but only for a
very short time period; the system has zero steady state error and the response time of
100 milliseconds is acceptable. During the design procedure, it was found that the large
control commands were a result of the high speed compensator poles and that the plant,
acting as a low pass filter, does not significantly respond to those commands. It was also
found that as p was increased to yield more loop transfer recovery (LTR), the magnitude
(unlimited control commands) and duration of those initial commands grew larger because
compensator poles became faster as a function of the amount of LTR (i.e. p - 0 ). This
was a significant factor in deciding on the final choice of p. Reducing the order of the
compensator by removing its high frequency poles would reduce the high speed, high gain
response of the compensator. However, it was found that the compensator as designed
could not be reduced and maintain stability (see §4.4.4). Finally, note that the integral
control action provides the d.c. voltage necessary to maintain zero steady state command
following error. The d.c. voltages are necessary because the plant has been displaced from
the static equilibrium of the nominal operating point. The observed responses are consistent
with the sign convention defined above.
Figure 5.2 is the system response to d.c. loading. First, the system is subject to a
one g gravity field, an equivalent force disturbance of 1333 Newtons (300 lbs), on the x-
axis only, then a static d.c. disturbance of 888 Newtons (200 lbs) is applied at t =.01
seconds on both system axis. For simplicity, these disturbances were equally distributed to
both bearings; that is the gravity force for example, was applied as 666 Newtons to each of
the 'a' and 'b' bearings.
Analyzing the figure, we see that the application of gravity caused a maximum
shaft displacement of 1.8 mils (volts) on the a axis. The integral controller reacts to the
d.c. disturbance as required, driving the steady state error to zero in finite time, requesting
finite maximum d.c. voltage command of nearly -8 volts. The controller never saturates
due to the application of gravitational force..
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Figure 5.2 Baseline Gravity / D.C. Disturbance Response
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In part two of the test, a static load of 888 Newtons is applied after the gravity
application has reached steady state. A simultaneous displacement of all shaft positions is
observed. Identical excursions are seen in the x- and y-axis of each bearing. Maximum
deviation from nominal for this static load is 1.2 mils (volts). Again the integral control
action returns the system to equilibrium displacements by applying the necessary d.c.
voltage levels. Note that the x-axis voltages, previously at a nonzero level due to gravity,
have increased by -10.5 volts due to the additional load.
Test 3 deals with the effects of an imperfectly constructed shaft represented as a
single speed force disturbance. Single speed implies that the force sinusoidally varies with
the rotational velocity of the shaft. In this test case, the shaft is at its nominal operating
speed of 60 Hz, in the presence of gravity. The maximum mass unbalance force has been
specified at 666 Newtons (150 lbs).
Figure 5.3 reveals the effect of mass unbalance on the baseline system. Steady
state oscillation at the spin frequency is observed. Maximum excursions from null are
relatively small. They are .5 mils (volts) peak. Control commands are 4 volts peak
superimposed on any d.c. voltage required for gravity rejection. Because the system
bandwidth (100 Hz) is beyond the nominal operation frequency, the open loop system gain
is approximately 6 dB at 60 Hz. This implies a slight rejection of the mass unbalance
disturbance. One other note: the .5 mils peak error gets amplified by the compensator to 4
volt peak control commands. This is consistent with the compensator gain at 60 Hz of 15 to
18 dB (see Figure 4.8).
Test 4 is concerned with the robustness of the compensator with respect to plant
variation as a function of rotational velocity. McCallum [6] has done extensive research on
the location of plant poles and transmission zeroes with respect to the following parameter
variations: rotational velocity, internal shaft damping and shaft stiffness. Since this
simplified design plant model assumed infinite stiffness and no internal shaft damping,
examining the effects of variations of rotational speed is in order.
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Figure 5.3 Baseline Mass Unbalance Response
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An analysis of the closed loop pole locations as a function of rotational velocity
revealed that the baseline configuration was stable over the entire defined operating range of
d.c. to 5000 rpm (83 Hz). This implies that no gain scheduled or otherwise nonlinear
compensator is required for this configuration.
5.3.2 Compensator Testing : Actual System Configuration
The term 'actual' system configuration means that all known system parameters are
modelled. The nonlinear actuator equations of Appendix A. 1 are combined with the
flexible shaft / rotor model of Appendix A.2 to produce what has been termed the actual
system. The plan is to apply the test procedure as defined above to the actual system and to
compare the results to the baseline. In addition, the effect of parameter variations such as
shaft stiffness and damping can be examined.
Test 1 is the step response test with the same conditions and commanded offsets as
for the baseline test. The step response of the flexible shaft, nonlinear actuator system is
shown in Figure5.4 (compare to Figure 5.1). In Figure 5.4, the step response overshoot is
slightly less than the baseline in bearing 'a', but greater than baseline in bearing 'b'. The
response times are nearly identical. The desired zero steady state error is achieved. The
most noticeable difference (in the positions plot) is in the flexible shaft's response to the
initial high speed, high gain controller commands. The energy introduced by this impulse
has a measurable effect on the flexible shaft. A better illustration of the differences between
the responses can be seen by examination of the control commands . The actual system
control commands, while having a similar form as the baseline response, are slower in
time.
It is easier to observe differences in system performance by examining the results of
the d.c. load testing. First, note that the state variables of the shaft / rotor model facilitate
1This is not to say that the compensators are different, but that a comparison of control commands is more
revealing (with respect to the change of system dynamics) than a comparison of position responses.
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application of disturbances directly onto the rotor (the baseline system could not do this).
This produces a different system response within itself. Figure 5.5 contains the test
results; compare to Figure 5.2. The initial application of gravity has much more of an
effect on the system. The maximum position deviation is over 4 mils (compared to 1.8
mils baseline), and the y-axis deviations are significant. The maximum voltage command
for gravity rejection is 24 volts, more than twice the baseline. The effects of the nonlinear
actuator are clearly reflected in this test. The attractive force of the unstable spring
increases nonlinearly as the shaft deviates form null. These nonlinear forces will require
larger control voltages to counteract this effect than in the baseline linear system. Next,
observe that the application of the static force load also produces larger deviations from null
than for the baseline system. Position errors of greater than 3 mils are induced, as opposed
to a maximum of 1.2 seen in Figure 5.2. The fact that the Xa axis command voltage almost
saturates is very important. The steady state levels of control commands are much larger
for this system than for the baseline also. The Xa axis command voltage in over -21 volts
in the steady state. This allows less than 30% of control voltage for incremental dynamic
disturbance rejection or command following. The system may not perform satisfactorily
under all operating conditions. Note that during system testing, it was found that the
system saturated and the shaft hit the hard stop when a d.c. load of 1111 Newtons (250
lbs) was applied.
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Figure 5.6 shows the dynamic mass unbalance test applied to the actual system.
The steady state oscillation error is approximately 1.2 mils peak, which results in steady
state control commands of 10 volts peak (again compensator gain at 60 Hz is about 4).
This is more than twice as large as the baseline test. Because the deviations from null are
small compared to air gap size (1 mil vs. 20 mils), it could be implied that the difference in
system response is solely due to the difference in the plant dynamics. This may be because
of this models ability to apply the mass unbalance directly to the center of mass at the rotor.
The x-axis control voltage, which was preloaded with gravity is peaking at -22.5 volts. A
combination of mass unbalance with a d.c. loading as above, could staurate this system and
drive the shaft into the hard stop. As stated above, this system as design may not be able to
meet a simultaneous application of all design criterion. Further, this is not a reflection on
the control system designed, but more a reflection of the system specification and hardware
limitations. System level engineering concerns need to be addressed.
System robustness with respect to the change in rotational velocity is addressed in
Test 4. For the baseline system, closed loop pole location analysis showed that the
compensator was robust for all operational velocities. For the actual system, a similar
closed loop pole analysis was performed and the system was found to be completely stable
for all operating speeds also. In addition, a spin-up simulation was performed to observe
the system response. Figure 5.7 contains the position errors and control commands for the
X a axis only as a function of rotational velocity in Hz. The system is subjected to gravity,
and spun from d.c., through the nominal operating speed of 60 Hz, up to 110 Hz: This is
done to observe the system response as it passes through the system bandwidth. As seen
in Figure 5.7, the system maintains stability throughout the spin-up process. In fact,
performance improves as a function of spin rate. There is some concern at low
frequencies, that control saturation could induce system failure. At approximately 9 Hz, in
the presence of gravity, the control commands are greater than -25 volts. Again, a d.c.
disturbance at the time of crossing that frequency could cause system failure.
85
aI-cn
0
co
z0
co
o
9n
Z
_)rrzX-
Z0)zCC-
0. .01 .02 .03 .04 .05 .06
TIME
.07 .08 .09 .10
0. .01 .02 .03 .04 .05 .06 .07 .08 .09 .10
TIME
Figure 5.4 Flexible Shaft - Nonlinear Actuator Step Response
86
-
..
-
-
0. .02 .04 .06 .05 .10 .12 .14 .16 .18 .20
TIME
TIME
Figure 5.5 Flexible Shaft
- Nonlinear Actuator D.C.Disturbance Response
87
5.
4.
U)
0
U)z
H
0aD
O_
2.
1.
0.
-1.
o)
.J0
z
z
0
Cr
z0U
Figure 5.8, which shows the system response ar rotational velocity is swept from
130 Hz to 160 Hz, is included to demonstrate shaft stability as it passes through its first
critical speed of 150 Hz. We can see that both peak position error and control commands
decrease with an increase of rotational velocity as in Firgure 5.7. But the compensator
successfully meets an initial design goal of maintaining stability as the shaft passes through
its critical speed. The crirtical speed for this shaft however, is well above nominal
operating speed.
To substantiate the claim that additional control voltage may be necessary to
maintain stability through the application of simultaneous operating environments, a test
was designed which combined the d.c disturbances of gravity and static load, with shaft
mass unbalance. When this combination of tests was applied to the ±30 volt limited
system, it failed. An additional test, run with unlimited control voltage, revealed that more
than -40 volts of control were commanded to reject the superposition of the additional
static load. Figure 5.9 shows the system response.
In addition to performing stability analysis as a function of rotational speed, the
flexible shaft / rotor can be parameterized with respect to stiffness and damping. Since the
shaft critical speed (resonant frequency) is approximately the square root of shaft stiffness
divided by the mass, the location of the closed loop poles as a function of stiffness will
determine the limitations of this compensator. The result of this analysis revealed that the
compensator will stabilize a shaft of similar design with stiffness reduced from the
specified 12.2 x 10 down to approximately 4.6 x 10 . This corresponds to a critical
speed of 93 Hz. In other words, if the critical speed of the flexible rotor / shaft system is
less than this, the compensator designed using the stiff shaft approximation as the design
plant model will not effectively stabilize the system and a new compensator will have to be
designed based on the more complicated plant model. This is a major conclusion of this
thesis.
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One of the original design goals of the Draper testbed was to operate a rotating
flexible shaft beyond its first critical speed. However, the initial shaft design (used in this
thesis) resulted in a critical speed of approximately 150 Hz which is well beyond the 60 Hz
operating speed. As an academic exercise, the physical shaft parameters, namely shaft
stiffness, will be redefined to produce a critical speed of less than 60 Hz (see Chapter 6).
The shaft stiffness was set at 1.56 x 107 which has a corresponding critical speed of
approximately 54 Hz. This system, when operated at 60 Hz has non-minimum phase
zeroes, which are a non-trivial problem. As was stated above, a shaft with stiffness less
than 4.6 x 107 could not be controlled by the compensator designed using the simplified
stiff shaft model. A closed loop test of the new flexible model confirmed that fact.
Therefore, in order to control the redefined model, a new compensator must be designed
and tested. This is the subject of Chapter 6.
5.4 Summary
This chapter evaluated the Model Based Compensator (MBC) designed in Chapter
4. A testing procedure was defined to confirm compliance with the performance
specifications defined in Chapter 4. This procedure consisted of time domain simulations
which included step response, d.c. disturbance rejection, mass unbalance and shaft
rotational frequency dependence simulations. A baseline of system performance was
defined by applying the defined test procedure to the nominal linear design plant model and
MBC configuration. The baseline results were presented and discussed. It was found that
the baseline system met all system specifications.
Intermediate simulation development steps were not documented and the flexible
shaft / rotor with nonlinear actuator system, termed the 'actual' system, was subjected to
the defined test procedure. Testing results were presented and compared to the baseline. It
was found that the actual system performance met all requirements. The actual shaft was
spun-up from d.c. through its first critical speed of 150 Hz. The designed compensator
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maintained shaft stability throughout the spin-up procedure, implying no need for a non-
linear or gain scheduled compensator. The conclusion that the compensator designed for a
simplified, linear model of a stiff shaft and nonlinear magnetic bearing system was
adequate for actual system control was drawn. The conclusion, however, was made with
conditions that the test procedures did not combine all system performance specifications in
one test1. The limitations of control command voltages place limitations on the system
performance. When a test that combined performance specifications was performed, the
system failed. The same test, run with an increase in control command voltage limits, was
shown to be successful.
The use of simplified stiff shaft modelling to design compensators for flexible shaft
systems also has limitations. Through closed loop pole location analysis, it was
determined that the controller designed in Chapter 4 will maintain the stability of a flexible
shaft whose critical (resonant) frequency is greater than 95 Hz (the actual systems critical
frequency as defined by system parameters is 150 Hz). A hypothetical system with critical
speed of 54 Hz was developed. The stability analysis performed suggests that this system
will not be stabilized by the compensator as designed. In fact, it was combined with the
designed compensator and the resulting system was indeed closed loop unstable. A
compensator designed using the flexible shaft / rotor model with critical speed less than
nominal operating speed will be designed and tested in the next chapter. Results will again
be compared to the baseline system of this chapter.
1The system performance specifications used in this thesis preliminary. They may be redefined (at Draper
Lab) after further study.
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Chapter 6
6. Control of a Flexible Shaft / Rotor
6.1 Introduction
In Chapter 5, it was found that the compensator designed for a flexible shaft / rotor
and nonlinear magnetic bearing system by using a simplified stiff shaft as the design plant
model was effective for controlling a flexible shaft / rotor whose stiffness was such that
its critical speed (resonant frequency) was greater than 95 Hz. The stiffness of the actual
system resulted in a critical speed of 150 Hz, and it was shown that the compensator met all
system specifications when used with this model. However, the stiffness defined for the
system is preliminary and since a goal of the Draper Lab testbed is to operate a flexible
shaft / rotor beyond its first critical speed, it was taken as an academic exercise to redefine
shaft stiffness to meet this goal while maintaining the nominal operating speed of 60 Hz.
The stiffness was set such that the first critical speed was placed at 54 Hz. From the main
thesis conclusion drawn in Chapter 5, we know that the compensator designed using the
simplified stiff shaft model will not stabilize this newly defined system. Therefore, in this
chapter, a new model based compensator (MBC) will be designed, again using the
LQG/LTR methodology.
The procedures used in earlier chapters to apply the LQG/LTR methodology, will
have to be repeated. The development of a linearized, scaled design plant model (SDPM) is
essential for successful compensator design. The chapter will present the linear DPM of
Appendix A.2 and discuss the scaling procedure applied. The LQG/LTR methodology, as
outlined in Chapter 4, will be applied without the painstaking development found there.
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The MBC designed will be tested in accordance with the procedures defined in Chapter 5
and the results will be compared to the baseline standard found there whenever possible.
The chapter is not intended to be the focus of the thesis. It is included merely to
gain additional insight to the problem as a whole.
6.2 The Design Plant Model
The flexible shaft / rotor model developed by McCallum [6], shown in Appendix
A.2, was combined with the linearized magnetic bearing actuator, and the resulting state
space representation is given in Figure A.2.2. The system parameters are given in
Appendix B, with the exception being that the shaft stiffness has been defined such that the
shaft critical speed is at 54 Hz:
Ks =.8462 x 107
Ks2 = .7238 x 107
with shaft critical speed in radians per second found by
After insertion of these parameters into the the model, we can analyze the system
eigenstructure. The new system open loop poles are:
283.4+ 10.7 j
-301.2 + 15.1j
376.7 + 29.1j
-415.3 + 15.9 j
-1672.3 + 395.8 j
-1898.5 +384.9 j .
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The general configuration of pole pairs is not unlike the original system, the major
difference being that the high frequency poles (produced by damping and stiffness) have
become an order of magnitude slower.
Examination of the system transmission zeroes reveals the real impact of the change
in shaft stiffness. The new transmission zeroes are:
-4.39 ± 444.4 j
-51.2 + 409.1 j
-37.0 + 338.7 j
1.97 + 338.9 j .
Again the structure of the zeroes is similar to the original system, but this system now has
non-minimum phase (right half plane) transmission zeroes and the zeroes are an order of
magnitude slower. They are now in the system bandwidth1. Recalling one of the criteria
for guaranteed successful application of the loop transfer recovery (LTR) procedure from
section 4.3.2, that the system must not contain any non-minimum phase zeroes, we see that
this system violates that constraint and, therefore, complete recovery of the target feedback
loop (TFL) is not guaranteed. Figure 6.1 contains the singular value plots for this system.
It is clear that the zeroes have moved to within the system bandwidth, below the 60 Hz
operating frequency.
Since the basic structure of the model did not change (only a relatively small
parameter change), it is expected that this system will be numerically ill conditioned as the
original. This can be observed by eigenvector examination and/or calculation of the system
matrix condition (see § 3.3). For expediency, system scaling will be dealt with on purely
numerical condition terms. Recall that the condition of a well conditioned matrix is near 1.
For this system, cond(A) is 1.29 x 10 . Therefore, the system must be scaled to improve
1Since the zeroes reflect the shaft critical speed, we effectively 'placed' the zeroes within the system
bandwidth when we redesigned the system to force the shaft critical speed below nominal operating speed.
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its condition. Since scaling of the simplified stiff shaft system was thoroughly documented
in Chapter 3, we will merely apply the conclusions drawn there to this system.
This system is scaled by a state transformation which produces a 'balanced'
realization of the system. The balancing of a system has the effect of normalizing state
variables with respect to each other and producing a numerically stable representation of
that system. This is accomplished through use of available computer software [11].
Application of this procedure to the problem at hand resulted in a system matrix whose
condition is now 18.3. The system eigenstructure was examined and the eigenvectors were
found to span the 12 dimensional space.
In addition to numerical scaling, input / output scaling was applied to the DPM to
normalize the system with respect to units. Since the sensor and actuator gains and limits
did not change, the same I/O10 scaling matrices as used in section 3.3 can be applied here.
The resulting scaled design plant model (SDPM) singular value plots can be seen in
Figure 6.2. The system poles and zeroes have not changed in frequency. The d.c. gain
has changed with the /VO scaling (as before). There are multiple zero dB crossings.
6.3 Control System Design
In this section the LQG/LTR design methodology will be applied to the SDPM
derived above. The process will parallel that in section 4.4, though not as much detail will
be given. It is assumed that the same system specifications and modelling assumptions
defined in section 4.3 will apply here.
The first step of the design procedure is to augment the SDPM to introduce integral
control in each control channel (see § 4.4.1 for details). This increases the order of the
SDPM from 12th to 16th and the augmented, scaled design plant model that will be used in
the design of the target feedback loop (TFL) is defined.
The TFL is designed to meet system specifications. The most imposing, for now,
are that the desired crossover frequency be near 100 Hz and that the system reacts equally
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well in all control directions. These specifications facilitate the choice of available design
parameters. This step of the methodology involves solving a specialized Kalman Filter
(KF) problem to perform system loop shaping in the frequency domain. The design
freedom that exist is derived from the definition of the KF problem, in equation (4.2).
Correct choice of these parameters will produce singular value matching and loop shaping
as desired. The TFL to be shaped is the KF transfer function matrix (TFM) defined as
Gw(s) =C({s-A)-H (4.3)
where H is defined as
H 11/4} 2 C T
,=l/;C (4.4)
with I; being the solution to the Filter Algebraic Riccati Equation (FARE):
O=A + AT +LLTt (1)CC T
where L and u are the design parameters discussed above (see § 4.3.1 and § 4.4.2). The
singular value plots of the TFL can be seen in Figure 6.3 (compare with Figure 4.4). Ths
figure shows that the frequency domain imposed system specifications are met. The TFL
is ready for the application of the loop transfer recovery step.
The Loop Transfer Recovery (LTR) involves applying Linear Quadratic Gaussian
(LQG) theory to solve the cheap control problem (see § 4.3.2 and § 4.4.3). There are
design prerequisites imposed (in § 4.3.2 ) which will guarantee successful recovery of the
TFL. One of the preconditions is that the DPM contains no non-minimum phase
transmission zeroes. This condition is violated by the DPM as defined. This means that
complete recovery of the TFL is not guaranteed. This is another conservative design
condition. Complete TFL recovery may not be necessary for stable closed loop system
operation. So, we proceed with the recovery process under the assumption that complete
TFL recovery is not guaranteed. The range of recovery in the frequency domain is
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Figure 6.3 Singular Values of the Target Feedback Loop
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dependent on the choice of the control cost parameter, p. The cheap control problem is
defined as solving the Control Algebraic Riccati Equation (CARE) as p - 0 (see equation
4.9). It is desired to recover the TFL to approximately one decade beyond the crossover
frequency. In the previous design, it was found that a choice of P = 1 x 1011 provided
satisfactory recovery without requiring excessive control commands. This choice of p is
also adequate for the design of this compensator.
The singular value (SV) plots of the system TFM, GK(s)l, are shown in Figure
6.4. We can see that the recovery process is not completely successful. The minimum SV
fails to remain consistent with the others at the frequency of the non-minimum phase
zeroes, and in doing so, several crossover frequencies are created. The loop recovery is
otherwise sufficient.
The model based compensator is now completely designed. It must be augmented
to move the :integrators from the augmented plant model to the compensator. It must be
scaled to account for the input / output scaling performed on the DPM (see § 4.4.4). After
these steps, the compensator is ready for implementation and testing.
Before testing, an examination of the compensator pole / zero structure is
necessary. Calculation of the compensator poles reveals that the compensator designed is
unstable. It contains right half plane poles which (effectively) cancel the plant non-
minimum phase transmission zeroes. But, when the unstable compensator is combined
with the unstable DPM, the closed loop system is stable, as expected.
6.4 Model Based Compensator Testing
In this section, the augmented, scaled model based compensator designed above is
combined with the nonlinear actuator and flexible shaft / rotor model for system level
testing. The test procedure defined in section 5.2 will be applied. The results of each test
will be compared to the baseline responses developed in section 5.3.
1The K(s) used here has been scaled and augmented as in § 4.4.4.
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Test 1 is the step response to positions commanded simultaneously in all channels.
Figures 6.5 through 6.7 contain the system response. Figure 6.5 shows that the step
responses are successful, but the system requires a significant amount of time to reach
steady state, much longer than the baseline system. We can see in the control commands
that the unstable compensator rings substantially. The baseline response plots are .1
seconds in duration, so Figure 6.6 is shown to put this step response in that time frame.
The maximum displacement of the Xa channel in over 9 mils, almost 90% overshoot and
even worse, almost to the hard stop at 10 mils. The compensator saturates the actuator
while trying to correct for the large overshoot and continues to ring at a frequency near 70
Hz (frequency of unstable compensator poles). The response is poor compared to the
baseline (Figure 5.1). Figure 6.7 is included to illustrate the dramatic effect the nonlinear
actuator has on system response. Compare Figures 6.6 and 6.7. They are the same test
except 6.7 is with the linear actuator model. Although the compensator still exhibits
ringing, the plant response, while slower than the baseline, has less overshoot in the X8
channel.
Test 2 is concerned with the system rejection of d.c loading. D.c. load testing
consists of subjecting the rotor to a one g gravity field (a force of 1333 Newtons) and after
the system reaches steady state, an additional d.c. load of 888 Newtons (200 lbs) is
applied. Simply stated, the closed loop system limited to control commands of ±30 volts
could not support the gravity load. The control command window was opened to ±50
volts and the test was repeated. Figure 6.8 contains the results of this test. The controller
requested over -38 volts to stabilize the system after application of gravity. Further, when
additional d.c. loading was introduced, the compensator requested almost -35 volts of
control. Clearly, the original system specifications were not set with the premonition of
possible variation of shaft parameters. No comparison to baseline can be made with a
change in system parameters.
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Figure 6.5 Very Flexible Shaft - Nonlinear Actuator Step Response
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Test 3 considers the effects that mass unbalance has on system performance. The
test simulates mass unbalance as a disturbance force which sinusoidally varies with shaft
rotational frequency. The force is applied in combination with gravity. The magnitude of
force used in baseline testing, 666 Newtons (150 lbs) immediately produced system failure
(in its original configuration of + 30 volt limit). Test specifications were modified by again
increasing the available control voltage to + 50 volts, also note this test was performed
using the linear actuator. The test results are presented in Figure 6.9. The position
excursions from null are a maximum at approximately 1.2 mils peak. The control
commands are in the range of 35 to 40 volts peak, and when combined with the d.c. offset
(from gravity), peak commands are at approximately -45 volts. As with the d.c
disturbance test, changes in simulation parameters invalidate comparison to the baseline
simulations.
To test the system robustness to change in rotational velocity, a closed loop pole
analysis as a function of this parameter was performed. It showed that this system
configuration remains stable over the entire operating region from d.c, through the critical
speed, to the maximum operating speed of 5000 rpm.
6.5 Summary
This chapter was intended to document a trial control system design using the
flexible model with its stiffness specification modified such that the shafts critical speed
was below nominal operating speed. It was determined that the newly defined shaft has
non-minimum phase transmission zeroes which affect the loop transfer recovery
guarantees. The procedure was applied and an unstable compensator was designed. The
unstable compensator, when combined with the unstable, non-minimum phase, nonlinear
plant, produced a stable closed loop system. When this system was subjected to the test
regime developed in Chapter 5, it failed two out of four of the tests. The d.c. disturbance
test required an increase of control command voltage to at least + 40 volts, and then it was
110
(n
IJ0
U)z0
I--
co
C
2.0
1.5
1.0
0.5
0.0
-0.6
-1.0
-1.6
an
.. Jq,
o
Uz
-JI0
o
z
CU
AL IU IIIIIIIIAAIIIIIIM.. 1i
0. .05 .10 .15 .20 .25 .30 .35 .40 .45 .50 .5 .60 .65 .70 .75
TIME
I I j I ~~~I i, i I ' I
! I 1 I I',; I II i I EI, h1 O I
i ,i '"i1 'rJ! .
'ili l' titlt
TIME
Figure 6.9 Flexible Shaft - Linear Actuator Mass Unbalance Response
111
I
C
I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~:
determined that the application of the specified amount of mass unbalance force
immediately caused system failure, even with the additional available voltage. The test
conditions were redefined to 50% of specified unbalance force, and the results were
acceptable.
It was determined, through the use of parametric closed loop pole location
analysis, that the compensator, when combined with the linear version of the actual system,
will be stable throughout the entire spin-up operation (as was the original compensator and
its model). This implies that no gain scheduling will be necessary to allow the shaft to pass
through its first critical speed.
An advantage of design using the simplified model is that the compensator order is
minimized (unless compensator reduction can be successfully applied). The (augmented)
compensator designed in Chapter 4 is 16th order. The compensator designed using the
flexible shaft model is 20th order. The additional complexity of the flexible model
compensator is another cost in having to control such a complex system.
This chapter provided much additional insight to the control of a flexible shaft /
rotor system with an attractive force magnetic bearing actuator. We can see from the test
results that the entire system must be re-evaluated before proceeding. Mainly, control
command voltage supply limitations were cited as the limiting factor in the control problem.
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Chapter 7
7. Summary and Conclusions
7.1 Summary
This thesis presented an application of the Linear Quadratic Gaussian with Loop
Transfer Recovery (LQG/LTR) multivariable control system design methodology. A
compensator was designed for a flexible rotating shaft / rotor system stabilized by a
nonlinear electromagnetic bearing actuator. The design methodology produced a dynamic
Model Based Compensator (MBC) which was designed using a simplified stiff shaft model
of the flexible shaft system. The model was derived and presented in Chapter 2.
The design plant model (DPM) was analyzed and appropriate model scaling was
performed and completely documented. The scaled design plant model was found to be
both controllable and observable. The concept of multivariable modelling errors was
introduced and applied to the simplified system model.
The LQG/LTR design methodology was presented with the necessary design
prerequisites stated. The system specifications were defined in order to provide design
guidelines. Application of the methodology produced a 16th order dynamic compensator
which included an integrator in each control channel. A preliminary closed loop robustness
test was performed and it was found that the combined compensator and the actual flexible
shaft / rotor were not guaranteed to be stable. The test as applied is very conservative and it
was shown through nonlinear simulation that the combined system was, in fact, stable.
The necessary MBC evaluation was performed in Chapter 5. A simulation test plan
was developed in congruence with the system specifications. A baseline system of linear
actuator, simplified stiff shaft and MBC was defined and subjected to the test plan. The
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actual nonlinear flexible configuration was also tested accordingly. A comparison of
results was made. Closed loop stability as a function of system parameters was performed
and significant conclusions were drawn. An academic exercise of system parameter change
was suggested and it was found that a new compensator was needed to be designed to
stabilize the new system. The LQG/LTR methodology was again applied using the full
flexible shaft /rotor model. A 20th order, unstable dynamic model based compensator was
designed. The (unstable) flexible shaft plant was combined with the (unstable)
compensator and the entire system was found to be closed loop stable. This system was
then evaluated using the test procedure previously defined.
7.2 Conclusions
This thesis showed that a multivariable dynamic model based compensator (MBC)
could be used successfully to stabilize a flexible rotating shaft and rotor through the use of
nonlinear electromagnetic bearing actuators. The dynamic compensator was designed
using the Linear Quadratic Gaussian with Loop Transfer Recovery methodology. A
simplified stiff shaft and linearized magnetic bearing model was developed and used as the
design plant model (DPM) for compensator design. The advantage to this approach is that
the resulting dynamic compensator is of lower order when compared to the compensator
designed using the full flexible model. This occurs because the compensator structure is
'model based,' meaning that the DPM itself is contained within the compensator and since
the simplified stiff shaft model is an eighth order system while the full flexible is twelfth
order, its respective compensator is of lower order.
The use of the simplified stiff shaft compensator was found to to be limited to
specific applications. A closed loop pole parameterization study showed that this
compensator will stabilize a similarly configured and specified system when the shaft
stiffness is such that the shafts first critical speed (resonant frequency) is beyond 95 Hz.
This defined the limitations of the use of the simplified stiff shaft compensator. The Draper
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Lab testbed, whose current system parameters place its first critical speed near 150 Hz, will
be adequately controlled by this compensator. A complete test procedure was applied to
this flexible shaft and nonlinear actuator system (through the use of nonlinear simulation
facilities). It was found that the system remained stable over the entire operating range of
shaft rotational velocities, d.c through the nominal rate of 60 Hz and up to the specified
goal of 100 Hz. This implies that the compensator is adequate for all operating conditions.
No gain scheduled or nonlinear compensator is required. It was cautioned, however, that
system performance limitations may be imposed by the limit of control command voltage.
System level engineering studies must be conducted to determine the necessary voltage
levels for specification compliance.
The flexible shaft parameters were then modified. Shaft stiffness was reduced to
create a shaft whose first critical speed (54 Hz) was less than the nominal operating speed
(60 Hz). This was done for two reasons: 1) to validate the conclusion made above and 2)
to test a compensator designed using the full flexible model. The closed loop system
formed using the new more flexible shaft and the stiff shaft designed compensator was
found to be unstable. Therefore, to emphasize the flexibility of the compensator design
methodology, a new compensator was designed for this flexible shaft. Again, this new
compensator is of larger dimension than the simplified version, but that is unavoidable (at
this time). The dynamic model based compensator designed is itself unstable, but when
combined with the unstable plant, the system was found to be closed loop stable. This
system was tested using the same procedure as before. It was found that for the system
specifications as stated, this combination of plant and compensator failed to perform
adequately due to actuator voltage saturation. It was shown, however, that if the limits
imposed by control voltage hardware were relaxed, the system performed adequately.
Further, the compensator was shown to successfully stabilize the system throughout its
entire rotational velocity operating range (d.c. to 100 Hz ), which includes passing
through the shafts critical speed.
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Also note that an attempt was made to reduce the order of both compensators by
application of the residue expansion technique, but any compensator reduction was found
to destabilize the system.
7.3 Topics for Future Study
Chapter 6 of this thesis is by no means the final word on the application of the
LQG/LTR methodology to this magnetic bearing / flexible shaft system. While the
simplified stiff shaft model used in this thesis is adequate for some systems, the flexible
model may have been be too simplified for others. Therefore, other flexible model
simplification techniques should be addressed with respect to applying the LQG/LTR
methodology for specific purposes. If a simplified model can capture 'flexible' mode
performance, then a reduced order dynamic model based compensator can be designed to
operate with shafts of specified stiffness.
Investigation into the use of rotor position sensors must be done in conjunction
with this design methodology also. The use of such sensors may eliminate system
transmission zeroes which have a major effect on the compensator design.
Other magnetic bearing designs must be investigated also. The permanent magnet
biased design, while used in many studies, may not be the best for this application.
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Appendix A
Appendix A.1 : Nonlinear Bearing Equations
This Appendix contains the expressions for magnetic bearing parameters as discussed in
Chapter 2. It also contains the nonlinear magnetic bearing equations for use in nonlinear
simulations.
Recall equation (2.1):
From McCallum [6]:
F=Ksx +K i i Here, we seek to define Ks andKi
2 Ag goMoN
2
go
2Aggo M( (N io)2
3
where Mo is the magneto motive force provided by the permanent magnets, go is the
permeability of free space, go i s the initial gap size at null, Ag is the area of the pole face,
N is the number of wire turns on each coil, and io is the equilibrium current level in each
coil. Specific values for these parameters are given in Appendix B.
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Next, the nonlinear bearing equations will be given, with reference again to McCallum [6]
or Schweitzer [19] for the derivations. The complete nonlinear bearing force equation for
the complete system are
i (M go X,
2 a  (go -X.) 2
Ag go
Fxb 2
Igo -Xb) i go +Xb}
AgI o
Ya 2
FYb 2
(go -Ya) 2
(go -Yb)2
(Mo-N iya)
(go +Ya.)
(Mo -NiYb )
(g0 +Yb)2
121
I
I
Appendix A.2 : Flexible Shaft / Rotor Model
This Appendix contains the state equations for a flexible shaft / rotor. The shaft /
rotor is depicted in Figure 2.2, but that figure also contains magnetic bearings. The first set
of system state equations are for the shaft / rotor alone, with unspecified force inputs. The
second set of system state equations are for the shaft / rotor with the linearized magnetic
bearings. These sets of equations were derived by McCallum [6, and are in his notation.
A difference in notation is noted primarily in the axis definitions. In this thesis, the axis of
rotation is the z-axis, while in McCallum, x it the axis of rotation. The system states
therefore are defined in the Y-Z coordinate plane. The additional system parameters are
given in Appendix B because this system is used in the development of modelling errors
and in simulation testing.
122
4 .. 1I- - c
1. a. a-
o a O o o o o * a a
' H =: 1~o "1~o O l -
-La
o .4Z o a o a o 
o -* - : .. 4.. . , . . l ' o o °
l~ ~ cr u -
UU *>e F~ *s v * W
·e _W 
·.
_-~~~~~~~'
O O O O O
O O O O O
O O D O -a
o o ,D O O
O O 4 O O
a
a
O O
O O
O a
O O
_ O
O O
ao
o oo 0 0a o
o o0 -
0 C.
a
44 A
I .0
ZI 
- .
O N
*S II
A I
-I .
.I .ff
N j
Ill*
N
N a
ITd
*1 * / 4 * 1 * % *- ~ s i 14 14 1 4 - -: P4 4 -·-
123
i
14
to
0
I-,
CO
.)
cu
oCt,
1- N
-e 1
o o o . o I o o = ° 0 0
o 0o 0 0 0 0 0 0
~.. I.. ~o o o ON o -i, ,o o.~ ~ ~~~~I _ o 
~~~~~~~~~~~~~~~~~~~, 
aI N __ ..~;- ~ ~ ~o . o t e o ^:3o o o ,, j.
O Ol O O I O 0 
- IP
o o- o o o
N O~~~~~~~~4E
o0 ls a o o o 0 EN
_~~~~~~
o o ° ° ° - .4
'= 0 = 0 0 011 0. 0 .
M~ ~~0 o o 0 0 o 0 ° -1 - 0
0 0 0 0 0 0 0 0 ~3 *1 3 ~
.
o ~ ~ ~ o o o O °'=- 
'~l
r,~~~~~~~~~~~~~~~~~,
O o o o o o I o " ° E
o o o o o o o 
~~~~~~~~~~I~~~~~~~~ I 'O O, O ° ° J I ,Y 
O ~ ~ 
.Ode l oo n ,i"~~~~~~~~~~~~~~~~~~~~~~~~~~~
. ,~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~,
, , , , - _ _ ", ,,b,, _ r _ 
>* *> "re O sst > * O
124
s
oI- 00
o =
C4-
C
,-.v C
, 
o 
Appendix B : System Parameters
-= 0.3937
-= 0.4953
= 0.3536
-= 3.4766
= 59.23
= 266.6660
= 136.3600
= 17.0
= 1.6
= 1/2.54e-5
meters
meters
meters radius of gyration
e 6 Newtons/meter negative spring
constant of linearized
mag actuator
Newtons/Volts Gain of linearized mag
actuator
Newtons/Amp Gain of linearized mag
actuator
Kg
Kg m2
Kg m2
Volts/Meter (1 V = 1 mil)
Additional parameters for
linear actuator
Ks 1 = 6.57e7
Ks2 = 5.63e7
B! = 2600
B2 = 2200
PO = 4e-7 * pi
Ag = 1.1097e-
go = 5.08e-4
N 61
MO = 404.25
io 0
the fully flexible rotor and non
N/m Finite shaft stiffness
N/m Finite shaft stiffness
N/m/s Shaft damping
N/m/s Shaft damping
Permeabilitv of free space
-3 Area of pole face
meters initial gap size
turns
magneto motive force provided by
perm. magnet bias
for this system
125
L = a
L2 = b
r
Ks
Kv
Ki
M
Iz = I r
Ix = Ia
Ksensor
Appendix C : DPM Matrices
The design plant model A (8 X 8) matrix :
Starting at row .1 columns 1 thru
O.0000D+00 O.OOOOD+00 O.0OOOD+00
O.0000D+00 O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00 O.OOOOD+00
5.7110D+04 -.1.4278D+04 O.OOOOD+00
-1.4278D+04 7.5533D+04 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00 5.7110D+04
O.OOOOD+00 O.OOOOD+00 -1.4278D+04
6
O.0000D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.O0OOD+00
-1.4278D+04
7.5533D+04
1.OOOOD+00 O.OOOOD+00
O.OOOOD+00 1.OOOOD+00
O.OOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
1.5714D+01 -1.5714D+01
-1.9769D+01 1.9769D+01
Starting at row 1 columns 7 thru 8
O.OOOOD+00 O.OOOOD+00
O.0000D+00 O.OOOOD+00
1.0000D+00 O.OOOOD+00
O.0000D+00 1.OOOOD+00
-1.5714D+01 1.5714D+01
1.9769D+01 -1.9769D+01
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
The design plant model B (8 X 4) matrix :
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
9.7345D-01
-2.4336D-01
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
-2.4336D-01
1.2875D+00
O.OOOOD+00
O.0000D+00
O.0000D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.0000D+00
9.7345D-01
-2.4336D-01
O.0000D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
-2.4336D-01
1.2875D+00
The design plant model C (4 X 8) matrix :
Starting at
3.9370D+04
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
row 1 columns 1 thru
O.OOOOD+00 O.0000D+00
3.9370D+04 O.0000D+00
O.0000D+00 3.9370D+04
O.OOOOD+00 O.0000D+00
6
0.0000D+00
O.OOOOD+00
O.OOOOD+00
3.9370D+04
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
Starting at
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.0000D+00
row 1 columns 7 thru
O.0000D+00
O.OOOOD+00
0.0000D+00
O.0000D+00
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The design plant model eigenvectors as graphed in Figs 3.2, 3.3 :
Eigenvector 1 Eigenvector 2 Eigenvector 3
-4.4986D-03
-2.5159D-03
-1.6792D-05
3.6013D-04
1.0000D+00
5.5895D-01
-3.07609D-11
-8.2139D-02
-1.6792D-05i
+3.6013D-04i
+4.4986D-03i
+2.5159D-03i
+0.OOOOD+00i
-8.2139D-02i
-1.OOOOD+00i
-5.5895D-01i
-4.4986D-03
-2.5159D-03
-1.6792D-05
3.6013D-04
1.0000D+00
5.5895D-01
-3.0825D-11
-8.2139D-02
+1.6792D-05i
-3.6013D-04i
-4.4986D-03i
-2.5159D-03i
+0.OOOOD+00i
+8.2139D-02i
+1.OOOOD+00i
+5.5895D-01i
4.4986D-03
2.5159D-03
-1.6792D-05
3.6013D-04
1.OOOOD+00
5.5895D-01
3.4798D-11
8.2139D-02
-1.6792D-05i
+3.6013D-04i
-4.4986D-03i
-2.5159D-03i
+0.OOOOD+00i
+8.2139D-02i
-1.OOOOD+00i
-5.5895D-Oli
Eigenvector 4 Eigenvector 5 Eigenvector 6
4.4986D-03
2.5159D-03
-1.6792D-05
3.6013D-04
1.OOOOD+00
5.5895D-01
3.4818D-11
8.2139D-02
+1.6792D-05i
-3.6013D-04i
+4.4986D-03i
+2.5159D-03i
+0. 000D+00i
-8.2139D-02i
+1.OOOOD+00i
+!5.5895D-01i
-1.9398D-03
3.4614D-03
-1.0470D-04
-2.0332D-04
-5.5671D-01
1.OOOOD+00
-6.2949D-02
-1.7017D-12
-1.0470D-04i
-2.0332D-04i
+1.9398D-03i
-3.4614D-03i
-6.2949D-02i
+O.OOOOD+00i
+5.5671D-Oli
-1.OOOOD+00i
-1.9398D-03
3.4614D-03
-1.0470D-04
-2.0332D-04
-5.5671D-01
1.OOOOD+00
-6.2949D-02
-1.7090D-12
+1.0470D-04i
+2.0332D-04i
-1.9398D-03i
+3.4614D-03i
+6.2949D-02i
+0.OOOOD+00i
-5.5671D-Oli
+1.OOOOD+00i
Eigenvector 7 Eigenvector 8
1.0470D-04 +1.9398D-03i
2.0332D-04 -:3.4614D-03i
1.9398D-03 -1.0470D-04i
--3.4614D-03 -2.0332D-04i
--6.2949D-02 -5.5671D-01i
1.8933D-12 +.OOOOD+00i
--5.5671D-01 +6.2949D-02i
1.OOOOD+00 +0.OOOOD+00i
1.0470D-04
2.0332D-04
1.9398D-03
-3.4614D-03
-6.2949D-02
1.8954D-12
-5.5671D-01
1.OOOOD+00
-1.9398D-03i
+3.4614D-03i
+1.0470D-04i
+2.0332D-04i
+5.5671D-Oli
-1.OOOOD+00i
-6.2949D-02i
+0.OOOOD+00i
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Appendix C.2 : SDPM Matrices
The scaled system matrices
As =
Starting at row 1 columns 1 thru 6
O.OOOOD+00 O.OOOOD+00 O.OOOOD+00 O.OOOOD+00
O.OO.D+00 ' O.OOOOD+00 O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00 O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00 O.OOOOD+00 - O.OOOOD+00
2.5700D+02 -6.4249D+01 O.OOOOD+00 O.OOOOD+00
-6.4249D+01 3.3990D+02 O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00 2.5700D+02 -6.4249D+01
O.OOOOD+00 O.0000D+00 -6.4249D+01 3.3990D+02
2.2222D+02
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
1. 5714D+01
-1.9769D+01
O.OOOOD+00
2.2222D+02
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
-1.5714D+01
1.9769D+01
Starting at row 1 columns 7 thru
O.OOOOD+00 O.OOOD+00
O.OOOOD+00 0.OOOOD+00
2.2222D+02 O.OOOOD+00
O.OOOOD+00 2.2222D+02
-1.5714D+01 1.5714D+01
1.9769D+01 -1.9769D+01
O.OOOOD+00 O.OOOD+00
O.OOOOD+00 O.OOOOD+00
O.0000D+00
O.OOOOD+00
O.OOOOD+00
O.0000D+00
2.9204D+01
-7.3009D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
-7.3009D+00
3.8624D+01
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
0.0000D+00
O.OOOOD+00
2.9204D+01
-7.3009D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.0000D+00
-7.3009D+00
3.8624D+01l
Starting at
1.7717D+01
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
row 1 columns 1 thru
O.0000D+00 O.OOOOD+00
1.7717D+01 O.0000D+00
O.OOOOD+00 1.7717D+01
O.0000D+00 O.0000D+00
6
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
1.7717D+01
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
0.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
Starting at row 1 columns 7 thru
O.0000D+00 0.OOOOD+00
O.0000D+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.00OO0D+00 O.OOOOD+00
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Bs
Cs
8
The scaled system eigenvectors :
3.7315D-03
-8.0028D-02
-9.9969D-01
-5.5909D-01
-2.3425D-15
8.2139D-02
1.OOOOD+00
5.5895D-01
3.7315D-03
-8.0028D-02
9.9969D-01
5.5909D-01
-9.2738D-15
-8.2139D-02
1.OOOOD+00
5.5895D-01
-9.9969D-Oli
-5.5909D-Oli
-3.7315D-03i
+8.0028D-02i
+1.OOOOD+00i
+5.5895D-Oli
+0.OOOOD+00i
-8.2139D-02i
-9.9969D-Oli
-5.5909D-Oli
+3.7315D-03i
-8.0028D-02i
-1.OOOOD+00i
-5.5895D-Oli
+0.0000D+00i
-8.2139D-02i
3.7315D-03
-8.0028D-02
-9.9969D-01
-5.5909D-01
-2.5960D-15
8.2139D-02
1.OOOOD+00
5.5895D-01
2.3267D-02
4.5183D-02
4.3107D-01
-7.6921D-01
-6.2949D-02
-1.6595D-15
-5.5671D-01
1.OOOOD+00
+9.9969D-Oli
+5.5909D-Oli
+3.7315D-03i
-8.0028D-02i
-1.OOOOD+00i
-5.5895D-Oli
+0.OOOOD+00i
+8.2139D-02i
+4.3107D-01i
-7.6921D-01i
-2.3267D-02i
-4.5183D-02i
-5.5671D-01i
+1.OOOOD+00i
+6.2949D-02i
+0.OOOOD+00i
3.7315D-03
-8.0028D-02
9.9969D-01
5.5909D-01
-9.2697D-15
-8.2139D-02
1.OOOOD+00
5.5895D-01
2.3267D-02
4.5183D-02
4.3107D-01
-7.6921D-01
-6.2949D-02
-1.7439D-15
-5.5671D-01
1.OOOOD+00
+9.9969D-Oli
+5.5909D-Oli
-3.7315D-03i
+8.0028D-02i
+1.OOOOD+00i
+5.5895D-01i
+O.OOOOD+00i
+8.2139D-02i
-4.3107D-01li
+7.6921D-Oli
+2.3267D-02i
+4.5183D-02i
+5.5671D-Oli
-1.OOOOD+00i
-6.2949D-02i
+O.OOOOD+00i
-4.3107D-01
7.6921D-01
-2.3267D-02
-4.5183D-02
-5.5671D-01
1.0000D+00
-6.2949D-02
-8.1032D-16
-2.3267D-02i
-4.5183D-02i
+4.3107D-01i
-7.6921D-Oli
-6.2949D-02i
+0.0000D+00i
+5.5671D-Oli
-1.OOOOD+00i
2.3267D-02
4.5183D-02
-4.3107D-01
7.6921D-01
6.2949D-02
-7.9503D-16
-5.56719D-01
1.OOOOD+00
+4.3107D-01i
-7.6921D-Oli
+2.3267D-02i
+4.5183D-02i
+5.5671D-Oli
-1.OOOOD+00i
+6.2949D-02i
+0.OOOOD+00i
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Appendix D : Controller Design Parameters and
Singular Value matching done with SDPM matrices.
11 = - 1500*inv(cn*inv(an)*bn) =
-7.4508D+02
2.5681D-15
O.0000D+00
O.OOOOD+00
O.OOOOD+00
-7.4508D+02
0.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.0000D+00
-7.4508D+02
2.5681D-15
O.OOOOD+00
0.OOOOD+00
0.OOOOD+00
-7.4508D+02
lh = 000*cn'*inv(cn*cn') =
3.3867D+02
O.OOOOD+00
O.OOOOD+00
0.0000D+00
O.OOOOD+00
O.0000D+00
O.0000D+00
O.0000D+00
0.OOOOD+00
3.3867D+02
0.OOOO0000D+00
O.OOOOD+00
O.0000D+00
0.OOOO0000D+00
O.OOOOD+00
0.OOOO0000D+00
O.OOOOD+00
O.OOOOD+00
3.3867D+02
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
0.OOOO0000D+00
O.OOOOD+00
O.OOOOD+00
0.OOOOD+00
3.3867D+02
O.OOOOD+00
O.OOOOD+00
0.OOOOD+00
0.OOOOD+00
wcmax=2*pi*1500;
mu=(1/wcmax)**2;
1=[11;lh];
12=1*1';
MU = 1.1258D-08
theta=l/mu*eye(4);
q=EYE(12);
The CTRL-C command for the FARE, using augmented SDPM matrices :
H=LQE(AAN,L2,CAN, , THETA)
H=
6.3956D+01
7.4903D-01
-6.6975D+00
7.1087D+00
4.6788D+01
-2.4233D+00
-4.3327D-15
2.5200D-04
5.3019D+01
-9.3412D+00
8.3125D-01
-1.0088D+00
8.3582D-01
6.3860D+01
7.0990D+00
-7.5603D+00
-2.4233D+00
4.9963D+01
-2.5200D-04
-1.4127D-15
-9.3507D+00
6.5264D+01
-1.0107D+00
1.2290D+00
6.6975D+00
-7.1087D+00
6.3956D+01
7.4903D-01
2.0060D-14
-2.5200D-04
4.6788D+01
-2.4233D+00
-8.3125D-01
1.0088D+00
5.3019D+01
-9.3412D+00
-7.0990D+00
7.5603D+00
8.3582D-01
6.3860D+01
2.5200D-04
1.0738D-13
-2.4233D+00
4.9963D+01
1.0107D+00
-1.2290D+00
-9.3507D+00
6.5264D+01
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The CTRL-C command for the CARE, using augmented SDPM matrices, and
qg=can'*can, rho= le-ll * eye(4).
g=lqr(aan, ban, qg,rho)
G =
Starting at row 1 columns 1 thru
6.5972D+03 -5.0782D+02 -1.7626D-13
-5.0782D+02 7.2525D+03 8.3556D-06
-1.8783D-11 8.3556D-06 6.5972D+03
-8.3556D-06 1.0144D-11 -5.0782D+02
Starting at row 1 columns 7 thru
1.6166D+04 -1.7686D+04 7.6286D+05
-1.7686D+04 1.9435D+04 5.3154D+04
5.6605D+06 -4.4172D+03 1.0305D+03
-4.4083D+03 5.6662D+06 -1.2155D+03
6
-8.3556D-06
2.0714D-14
-5.0782D+02
7.2525D+03
12
5.3152D+04
6.9428D+05
-9.3340D+02
1.1066D+03
5.6605D+06
-4.4083D+03
-1.6166D+04
1.7686D+04
-1.0305D+03
1.2155D+03
7.6286D+05
5.3154D+04
-4.4172D+03
5.6662D+06
1.7686D+04
-1.9435D+04
9.3340D+02
-1.1066D+03
5.3152D+04
6.9428D+05
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Appendix E.1 : Augmented Compensator Matrices
The SCALED, AUGMENTED Model Based Compensator system matrices :
ACOMPA (16 X 16) =
Starting at row 1 columns l thru
-6.5972D+03 5:0782D+02 1.7626D-13
5.0782D+02 -7.2525D+03 -8.3556D-06
1.8783D-11 -8.3556D-06 -6.5972D+03
8.3556D-06 -1.0144D-11 5.0782D+02
O.OOOOD00
O.0000D+00
O.OOOOD+00
O.OOOOD+00
2.9204D+01
-7.3009D+00
O.0000D+00
O.OOOOD+00
6.5972D+03
-5.0782D+02
-1.8783D-11
-8.3556D-06
O.OOOOD+00
O.0000D+00
O.0000D+00
O.OOOOD+00
-7.3009D+00
3.8624D+01
O.OOOOD+00
O.OOOOD+00
-5.0782D+02
7.2525D+03
8.3556D-06
1.0144D-11
O.OOOOD+00
O.0000D+00
O.OOOOD+00
O.0000D+00
O.0000D+00
O.OOOOD+00
2.9204D+01
-7.3009D+00
-1.7626D-13
8.3556D-06
6.5972D+03
-5.0782D+02
6
8.3556D-06
-2.0714D-14
5.0782D+02
-7.2525D+03
O.0000D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O.0000D+00
O.OOOOD+00
-7.3009D+00
3.8624D+01
-8.3556D-06
2.0714D-14
-5.0782D+02
7.2525D+03
-5.6616D+06
4.3950D+03
1.6285D+04
-1.7812D+04
-8.2892D+02
4.2933D+01
7.6760D-14
-4.4646D-03
-6.8231D+02
1.0124)+02
-1.4727D+01
1.7872D+01
5.6605D+06
-4.4083D+03
-1.6166D+04
1.7686D+04
4.4023D+03
-5.6674D+06
-1.7812D+04
1.9569D+04
4.2933D+01
-8.8517D+02
4.4646D-03
2.5028D-14
1.0141D+02
-8.1635D+02
1.7906D)+01
-2.1773D+01
-4.4172D+03
5.6662D+06
1.7686D+04
-1.9435D+04
Starting at row 1 columns 7 thru
-1.6285D+04 1.7812D+04 -7.6286D+05
1.7812D+04 -1.9569D+04 -5.3154D+04
-5.6616D+06 4.4023D+03 -1.0305D+03
4.3950D+03 -5.6674D+06 1.2155D+03
-3.55399-13 -4.4646D-03 2.2222D+02
4.4646D-03 -1.9025D-12 O.0000D+00
-8.2892D+02 4.2933D+01 O.OD0000+00
4.2933D+01 -8.8517D+02 O.0000D+00
1.4727D01 -1.7906D+01 O.0000D+00
-1.7872D+01 2.1773D+01 0.OOOOD+00
-6.8231D+02 1.0141D+02 1.5714D+01
1.0124D+02 -8.1635D+02 -1.9769D+01
1.6166D+04 -1.7686D+04 7.6286D+05
-1.7686D+04 1.9435D+04 5.3154D+04
5.6605D+06 -4.4172D+03 1.0305D+03
-4.4083D+03 5.6662D+06 -1.2155D+03
12
-5.3152D+04
-6.9428D+05
9.3340D+02
-1.1066D+03
O.0000D+00
2.2222D+02
O.0000D+00
O.0000D+00
O.0000D+00
O.OOOOD+00
-1.5714D+01
1.9769D+01
5.3152D+04
6.9428D+05
-9.3340D+02
1.1066D0+03
1.0305D+03
-1.2155D+03
-7.6286D+05
-5.3154D+04
O.0000D+00
O.0000D+00
2.2222D+02
O.0000D+00
-1.5714D+01
1.9769D+01
O.0000D+00
O.0000D+00
-1.0305D0+03
1.2155D0+03
7.6286D+05
5.3154D+04
-9.3340D+02
1.1066D+03
-5.3152D+04
-6.9428D+05
O.0000D+00
O.0000D+00
O.0000D+00
2.2222D+02
1.5714D+01
-1.9769D+01
O.OOOOD+00
O.0000D+00
9.3340D+02
-1.10660D+03
5.3152D0+04
6.9428D+05
Starting at
O.0000D+00
O.OOOOD+00
O.0000D+00
O.0000D+00
O.OOOOD00
O.0000D+00
O.0000D+00
O.OOOOD+00
O.0000D+00
O.0000D+00
O.OOOOD+00
O.0000D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+000000
O.OOOOD+00
row 1 columns 13 thru
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.D0000+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD000000
O.OOOOD+00 O.0000D+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD00 O.OOOOD+00
O.OOOOD+00000 O.OOOOD+00
O.OOOOD00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
O.OOOOD+00 O.OOOOD+00
16
O.0000D+00
O.0000D+00
O.0000D+00
O.0000D+00
O.0000D+00
.0.OOOOD+00
O.OOOOD+00
O.0000D+00
O.0000D+00
O.0000D+00
O.0000D+00
O.OOOOD+00
O.OOOOD+00000
O.0000D+00
O.OOOOD+00
O.OOOOD+00
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BCOMPAS (16 X 4)
6.3956D+00
7.4903D-02
-6.6975D-01
7.1087D-01
4.6788D+00
-2.4233D-01
-4.3327D-16
2.5200D-05
5.3019D+00
-9.3412D-01
8.3125D-02
-1.0088D-01
O.0000D+00
O.OOOOD+00
O . 0000D+00
O . 0000D+00
8.3582D-02
6.3860D+00
7.0990D-01
-7.5603D-01
-2.4233D-01
4.9963D+00
-2.5200D-05
-1.4127D-16
-9.3507D-01
6.5264D+00
-1.0107D-01
1.2290D-01
O. OOOOD+00
O. OOOOD+00
O. OOOOD+00
.0000OOOOD+00
6.6975D-01
-7.1087D-01
6.3956D+00
7.4903D-02
2.0060D-15
-2.5200D-05
4.6788D+00
-2.4233D-01
-8.3125D-02
1.0088D-01
5.3019D+00
-9.3412D-01
O.OOOOD+00
0.OOOOD+00
O. OOOOD+00
O.0000D+00
-7. 099OD-01
7.5603D-01
8.3582D-02
6.3860D+00
2.5200D-05
1.0738D-14
-2.4233D-01
4.9963D+00
1.0107D-01
-1.2290D-01
-9.3507D-01
6.5264D+00
O.OOOOD+00
O.OOOOD+00
O.OOOOD+00
O. OOOOD+00
CCOMPAS (4 X 16)
1 thru 12
0. 0. 0.
0. 0. 0.
0. 0. 0.
0. 0. 0.
0. 0. 0. 0.
0. 0. 0. 0.
0. 0. 0. 0.
0. 0. 0. 0.
13 thru 16
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Starting
0. 0.
0. 0.
0. 0.
0. 0.
Starting
30. 0.
0. 30.
0. 0.
0. 0.
at row
0.
0.
0.
0.
at row
0.
0.
30.
0.
1 columns
0. 0.
0. 0.
0. 0.
0. 0.
1 columns
0.
0.
0.
30.
Appendix E.2 : Compensator Poles and Zeroes
Augmented compensator poles and eroes
-2.6499D-13 +0.OOOOD+00i (poles)
-7.9575D-12 +0. OOOOD+00i
1.2891D-11 +O.OOOOD+00i
-3.6004D-11 +0.0000D+00i
-1.6308D.03 -3.1525D+03i
-1.6308D+03 +3.1525D+03i
-1.6308D+03 +3.1536D+03i
-1.6308D+03 -3.1536D+03i
-3.8646D+03 +6.0840D-Oli
-3.8646D+03 -6.0840D-Oli
-1.9346D+03 +3.7253D+03i
-1.9346D+03 -3.7253D+03i
-1.9338D+03 +3.7475D+03i
-1.9338D+03 -3.7475D+03i
-4.5690D+03 +1.1559D+Oli
-4.5690D+03 -1.1559D+Oli
-2.6750D+02 +1.8514D+01i (zeroes)
-2.6750D+02 -1.8514D+Oli
-2.0149D+02 +9.1692D-Oli
-2.0149D+02 -9.1692D-Oli
-3.7240D+01 +5.6535D+00i
-3.7240D+01 -5.6535D+00i
-3.4294D+01 +1.0443D-Oli
-3.4294D.+01 -1.0443D-Oli
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